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Chapter 1: Zeroth law of thermodynamics and
equation of state

\Classical thermodynamics is a statistical model. It has no kno  wledge of
individual atoms and molecules. It uses only macroscopic varia bles such as
temperature, pressure and volume for describing the system."



Brief history of classical thermodynamics

Sadi Carnot, French mathematician and engineer
(1796 { 1832): \ Re ections on the Motive Power of
Fire " (1824). Problems were mainly related to devel-
oping e cient steam engines.

William Rankine, Scottish engineer and physicist
(1820 { 1872): \ Mechanical action of heat " (1850).
His work was also concentrated on steam engines.

Rudolf Clausius, German physicist and mathematician
4 (1822 { 1888): \ The total energy of the universe is
’ constant; the total entropy is continually increasing ".
He formulated the 2nd law of thermodynamics and the
concept of entropy.

William Thomson, Irish-Scottish physicist and mathe-
matician (\Lord Kelvin"; 1824 { 1907): Absolute tem-
perature scale (1848). One of the most important con-
tributors to the 19th century physical sciences.




1.1 State of a system

Examples:

Boundary

SEE System: single molecule, solid, gas, liquid, etc.

Surroundings: solvent, container, gas cylinder, etc.

: Boundary: Interaction between the system and the
SIS surroundings (forces between atoms and molecules) or
vacuum (no interaction).

\Focus on the system and treat the surroundings approximately"

Terminology:
Non-isolated system Interaction with the surroundings.
Isolated system No interaction with the surrounding.
Open system Exchange of matter/energy with the surroundings.
Closed system No exchange of matter/energy.
Adiabatic system No exchange of heat with the surroundings.

Heterogeneous system  Multiple phases in the system.
Homogeneous system Single phase system.



Open system

Closed system

Isolated system

Exchange of matter and energy

Exchange of energy

Non-adiabatic system

Diatl

No exchange

Adiabatic system

Exchange of energy as heat

No heat exchange

[m]

Q¥
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Phase Solid, liquid or gas (heterogeneous, e.g. water with ice).
Thermodynamic variables  Variables that specify the state of the system.

(for example P, T, V) (or state variables).
Extensive variable Variable depends on the size of the system.
Intensive variable Variable does not depend on the size of the system.
Intensive state System variables that are intensive.

Extensive state System variables that are extensive.

Equilibrium System does not change as a function of time.

The most common variables are P (Pressure), V (Volume), n (amount of substance)
and T (Temperature). When n is xed, two variables need to be speci ed for a single
phase system. Why is thermodynamic description needed?

Microscopic view

Macroscopic view
Individual atoms and

of atoms and

Microscopic de nition of a system requires typically large number of var

iables. One
mole of gas molecules would mean more than 6 1023 variables!
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Molar volume is de ned as the ratio between volume V (m® or dm?3 = L) and the

number of particles in it n (mol):

V =

S |<

The amont of substance n (mol) is given by:

N N
n= = =\moles of substance"

Na 6022 102 mol !

where N is the number of molecules.

Use Sl-units in all calculations. Convert to other units at the nal s tage.

At equilibrium a system is described by its thermodynamic variables.

(1.1

(1.2)

Thermody-

namic equation of state introduces dependencies between the variables. An example
of thermodynamic equation of state is the ideal gas law ( PV = nRT ), which allows

to express any of the ve variables as a function of the remaining ones.



1.2 The zeroth law of thermodynamics

Thermal equilibrium between two systems means that they have been in therma |
contact for su ciently long time so that they have the same temperature. T he
following transitivity rule is called the  zeroth law of thermodynamics :

Heat conductor

A C
= A B
B C
(Aand C)and (B and C) are in A and B must also be also in thermal equilibrium

thermal equilibrium.

According to our every day knowledge of thermal objects, this law appear s quite
natural. Formally, it is needed for de ning the temperature scale. The zeroth law
of thermodynamics does not have any \direct" applications but it is needed for
making thermodynamics a complete theory.
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Given that n is xed and P is small, experimental results have established the
Boyle's law:

PV  constant (1.3)

Furthermore experiments have shown that under the same conditions (C harles &
Gay-Lussac), PV is proportional to temperature:

PV/ T (1.4)

To formally de ne a temperature scale, we use the guidance provided by t hese

experimental observations. For a system in two di erent states ( P1;V1 and P2;V2),
their relative temperatures are de ned as:

P1V T
Vi _Ta (15)
P2V T2
Note that this de nition of temperature (\ideal gas temperature") i s valid only in
the limit of zero pressure. These results also suggests the ideal gas law:
PV = nRT (1.6)

where proportionality constants n and R correspond to the amount of gas (mol)
and the molar gas constant (8.31451 J / (mol K)), respectively.
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1.3 The ideal gas temperature scale

Following the ideas of the previous section, we de ne the ideal gas tem perature:

PV PV
T=Ilm —=Ilm — .7
PI'0 R P! 0 nNR

The unit of thermodynamical temperature is Kelvin (1 / 273.16 of th e temperature
of the triple point of water). Conversion between di erent temperature units:

t=T 27315 (Celsius degrees () and Kelvin degrees (T)) (2.8)

9
t= 5 (T 273:15) + 32 (Farenheit degrees ( t) and Kelvin degrees (T)) (1.9)

Also note that the Sl unit of pressure P is pascal (Pa; N / m 2). The atmospheric
pressure is 101,325 Pa. Other units of pressure are atmospheres (atm) an d bar.
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Overview of basic Sl units

Sl units are an international standard (MKS; 1960).

Quantity Unit Symbol De nition

length meter m Fixed to speed of light.

mass kilogram kg Weight of a reference cylinder.

time second s Fixed to Cs radiative lifetime.
current ampere A Fixed to current in reference system
temperature kelvin K 0 K = absolute zero, 273.16 K = triple

luminous intensity  candela cd
amount of substance mole mol

point of H ;0.

Fixed to a black-body reference.

The number of 12C atoms in 0.012 kg.
Avogadro's constant gives the number of
molecules in one mole;
Na =6.022137 102 mol *.
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Quantity Unit Symbol De nition

force newton N IN=1kgms *

energy joule J 1J=1kgm?2s 2

electric charge  coulomb C 1C=1As

pressure pascal Pa 1Pa=1Nm 2

magnetic eld  tesla T 1T=1kgs 2A 1

frequency hertz Hz 1Hz=1s 1!

power watt W 1w=1Js 1

voltage volt \% 1v=1wA 1

resistance ohm 1 =VA 1

Non-SI unit Sl unit Conversion factor
angstem ( A) meter (m) 1 A=10 ™m

inch (in) meter (m) 1in =254 cm =0.0254 m
foot (ft) meter (m) 1ft=12in=0.3048 m

mile (mi) meter (m) 1 mi = 5280 ft = 1609.344 m
AMU kilogram (kg) 1 AMU = 1.66054 10 %'kg
eV joule (J) 1eV=1602177 10 19
cal joule (J) 1 cal = 4.1868 J

torr (Hgmm) pascal (Pa) 1 torr = 1.33322 102 Pa
atmospheres (atm) pascal (Pa) 1 atm = 1.01325 10° Pa
bar pascal (Pa) 1 bar =10 5 Pa

psi pascal (Pa) 1 psi=6.8948 10° Pa
gauss (G) tesla (T) 1G=10 *T
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Common conversion factors. In Kelvin units, the energy corresponds to  kT.
Note also that 1 K = 3.1669 10 © Hartree (atomic units; a. u.) or 1 eV = 27.2114
Hartree. To get J mol 1 or kcal mol 1, multiply by Avogadro's number N . For
example, 1 eV = 1.602177 10 1° J and 1 atm = 760 torr.

Mass { Energy

kg u J eV

1 6.022137 10%® 8987552 10® 5609586 10%°
1.660540 10 27 1 1.492419 10 10 9314943 108
1.112650 10 7 6.700531 10° 1 6.241506 108

1.782663 10 3¢ 1073544 10 ° 1.602177 10 19 1

Spectroscopic units

Hz cm 1 Ry eV

1 3.335641 10 11 3.039660 10 16 4135669 10 15
2.99792458 1010 1 9.112671 10 6 1.239842 10 4
3.289842 10%° 1.097373 10° 1 1.360570 10!

2.417988 104 8.065541 103 7.349862 10 2 1
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Energy

K kwh kcal J eV

1 3.83516 10 303.298 10 271.38066 10 2 861739 10 °
2.60745 10%°1 8.598 102 3.60000 10° 2.24694 10%°
3.0325 10% 1.1630 10 3 1 41868 10° 2.6132 10%
7.24292 102277778 10 7 2388 10 4 1 6.241506 1018
1.16045 10* 4.45049 10 263827 10 231.602177 10 91
Pressure

Pa bar kp / cm 2 torr (mmHg)  atm

1 10 5 1.020 10 5 75006 10 3 9.869 10 ©

10° 1 1.020 7.5006 102 9.869 10!

9.807 10* 9807 10 1 1 7.3556 102 9.678 10 !

1.333 102 1.333 10 3 1.360 10 8 1 1.316 10 3

1.013 10° 1.013 1.033 760 1
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1.4 Ideal mixtures and Dalton's law

Eqg. (1.6) applies also to mixtures of ideal gases:
RT RT X
P=(ni+na+:)—=n;—+ =P+ Py+ :i= P; (1.10)
\Y \Y i
where n; is the amount of species i (mol), n = n1 + ny + ::: is the total amount of
gas (mol). and pressures P; are partial pressures for species i (Pa). Thus the total
pressure P is a sum of all partial pressures (Dalton's law). Each species obeys the
ideal gas law also separately.

Partial pressure P; can also be expressed using mole fractions (y;). When RT=V is
replaced by P=n in Eq. (1.10), we get:

Pi = r:TiP =yiP (1.11)

Example. The mass percentage composition of dry air at sea level is approximately
N2:75.5, 02:23.2 and Ar:1.3. What is the partial pressure of each component when
the total pressure is one atmosphere (1.00 atm)?

Solution.  First calculate the molar mass for each species:

m(N2)=2 1401 AMU 1661 10 -9 N, =28:02-9
AMU mol
m©,) =2 1600AMU 1661 10 -9 N, =32:00-L
AMU mol
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m(A) =39 :95 AMU 1661 10 -9 N, =39:05- L
AMU mol

Since the partial pressure does not depend on the amount of air, we can ¢ hoose
the amount of air to be 1.00 g. The number of molecules in the air samp le can be
calculated:

_ (1:00g) 0:755

n(N =0:0269 mol
(N2) 28:02 g mol !
1:00 0:232
n(0y)= L009) 0232_ 4725 mol
32:00 g mol
n(Ar) = w = 0:00033 mol
39:95 g mol

The total amount of gas (sum of the above components) is 0.0345 mol . The mole
fractions and partial pressures are then:

N> 0> Ar
Mole fraction 0.780 0.210 0.0096
Partial pressure (atm) 0.780 0.210 0.0096

Note: The numerical values of the AMU to g conversion and N cancel in the
calculation of m's.



1.5 Real gases and the virial equation
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Real gases behave like ideal gases only in the limit of zero pre ssure and high tem-

perature.

Compressibility factor

Approaches the

The attractive
part of the interaction
between molecules
decreases the effective
volume

ideal gas limit—— _,

C

Z indicates deviation from the ideal gas law:

/-

05

7 = PV _ PV
RT nRT
T T
/_/
L L Il 1
0 200 A 600 800
P/ bar

(1.12)

Repulsive interaction
between molecules
L/ increase the effective

volume

Ideal gas limit (Z = 1)



In the limit of high temperature, thermal energy dominates over the po

High P - effective
Vincreases

Moderate P -
effective V decreases

P—
-10
I

TR PO U PO PN NPT NP TP B RPN B BOPO R
25 3354455556657 758859095

Large distance - ideal ]
gas behavior (low P)

R/A

Interaction between atoms/molecules
He - He Lennard-Jones potential

low temperatures the e ect of the attractive part of the potential can b

clearly because thermal energy is not su cient to smooth out the binding.

Note: The compressibility vs.

temperature.
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tential. At
e seen more

pressure curves depend on the gas as well as the



A number of di erent equations of state for real gases have been proposed:

Ideal gas: P = RT
gas: Y
RT a
van der Waals (vdW): P = —
( ) V_ b V2
p = RT a
Berthelot: Vv b TVZ
Virial (Onnes): P = E 1+ B(T) + cm +
\% \% V2
Alternative forms of Eq. (1.16):
B(T C(T
2=PY o1 B LG cyy BYTYP + CYTIP2 4 1
RT \% V2

given by:

oy~ B(T) 0Ty =
BYT)= — = and CYT)= RTY2

Kamerlingh Onnes, Dutch

ally over an extended range in pressure.
physicist (1853 { 1936),

C(T) B(T)?
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(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

where the relationship between the two constants are

(1.18)

Note: Temperature where B (T) = 0 is called the Boyle
temperature. At this temperature the gas behaves ide-

Virial equation (1901), The above equations of state can be derived using sta-
Liquid helium (1908), tistical mehanics and assuming a certain type of pair

Nobel prize (1913). interaction.
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Example. Estimate the molar volume of CO , at 500 K and 100 atm by treating
it as a van der Waals gas. For CO , the coe cients are: a = 3:640 atm L2 mol
and b=4:267 10 2 L mol 1.

Solution.  First rearrange the van der Waals equation (Eq. (1.14)):

2

VI UL VE S SR VA
P P P

0

Roots of a cubic equation (molar volume is the unknown variable) can be found
either analytically by using the appropriate formulas (by usingt  he Maxima program
described in the Appendix). Next, we setup numerical values for the coe cient  s:

b+ RT=P =0:453 L mol !
a=P =3:64 10 ? (L mol 1)?
ab=P=1:55 10 3 (L mol 1)3
Thus the equation is:
v3 0453vZ+ 364 10 2V 155 10 % =0

The only real valued root is: V =0:370 L mol ! (0.410 L mol ! for ideal gas).



21

When the equation of state is given, it de nes a surface in three dimension al space.
The surface is such that it satis es the equation state. This is di cult t 0 visualize
in 3-D and therefore 2-D projections are preferred (i.e., one variabl e is kept con-
stant when plotting). An example is shown below where the temperature  was held
constant.

4l

IS
a
Pressure (Pa).‘_:>

n

S

AN

ob
T

L 1 L

Il L Il
0 0.2 0.4 0.6 0.8 1
Molar volume (rrzf)

This example corresponds to an ideal gas at 298.15 K temperature. Such plots for
other equations of state are shown in the following sections.
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1.6 Critical phenomena

De nitions:

P = Critical pressure (the highest pressure where liquid can boail)

T = Critical temperature (the highest temperature where gas can condense)
V¢ = Critical volume (molar volume at the critical point)

Isotherm = PV curve that is obtained when temperature is held constant

Formally P¢, T¢ and V¢ de ne a region on the P-V-T surface where liquid and gas
phase can coexist as two separate phases. Outside this region the phases cannot be

separated. 140 ‘ T T : r .
P
140
T oo L L 120+ =820 °C
120 =a00°C 31,04 °C (experimental T )
=0 31.04 °C (experimental T,) 100 % 40°C
1007 %40 °C
0 g 80 L =
£ 80F =0 c = ¢ Critical point
= o 60l sure
& 60F
40r-
40
200
2ok ‘Areas equal i 20 Liquid + gas coexist
0, L L 1 1 1 n 1 L
0 ! 1 L 1 1 0 0.1 0.2 03 .04 0.5
0 0.1 Mn?:ﬁ Vnl“(r)ﬁz , (L(}i‘ o 0.5 = Molar volume / (I+ / mol)
Isotherms (Eqg. (1.14) for CO 2)- +—if V,—*

Unphysical \loops" removed.
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Note: The ends of tie lines indicate pure liquid ( V. ) and pure gas phase (Vg ) limits.
When the tie line vanishes, Vg and V| become identical and the phases cannot be
distinguished from each other. Remember to stay on the isotherms when readi ng
the above gures - states outside the isotherms are forbidden by the eq uation of
state. In the last gure, the minima below the critical point have been r  eplaced
with a horizontal tie line.

Gasl/liquid becomes supercritical above its critical point. In practice, a supercritical
uid has properties both of dense gas and low viscosity liquid. Itcand iuse through
materials like gas but it can dissolve materials like a liquid. Sup ercritical uids are
often used as substitutes for organic solvents (supercritical uid extract ion).

At the critical temperature the following conditions hold (in ecti on point):
=]
@F =0 (1.19)
@V T=T¢
@ =0 (1.20)
@V T=Te¢
Isothermal compressibility is de ned as (in nity at critical point):
1
= — @ (1.21)
\Y, @P

isothermal = Temperature does not change in the process.

Terminology: . . B
JSrminotogy: adiabatic = No heat transfer in the process.
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In addition to critical temperature, critical pressure ( P¢) and critical volume ( V¢)
can also be de ned by exchanging the roles of variables in Egs. (1.19) a nd (1.20).
Expressions for these quantities can be derived for various equations o f state. For
the van der Waals equation of state, we have:

a
Pe= — 1.22
= o7 (1.22)
Ve =3b
_ 8a
¢ =
27bR

Exercise. Verify that the above expressions are correct. Use the van der Waals
equation of state and Egs. (1.19) and (1.20). Show that the follo wing results hold
for the Berthelot equation of state:

1 ar '7?
Po= ¢ o5 (1.23)
Vc =3b

2 2a 172
To=2 22

3 3bR
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1.7 The van der Waals equation

Recall the van der Waals equation (Eq. (1.14)):

a

W |Z{Z_b} = RT (1'24) Johannes Diedrik van der
_} Waals, Dutch physicist

(1837 { 1923), Nobel prize
(1910).

This is similar to the ideal gas law but it uses e ective pressure and volu me. Re-
duction in the molar volume is needed because molecules have nite size (i. e. they
are not point-like as assumed in the ideal gas law). This part is rel ated to the re-
pulsive wall of the molecule - molecule interaction. The e ective pressure includes
a correction that arises from attractive interactions between molecules (i .e. higher
compressibility). Constants a and b depend on the gas. If monoatomic gas tem-
perature is su ciently high compared to its atom-atom binding energy , it can be
shown that the parameters a and b are directly related to the atom { atom pair
interaction U12(r) by (see Landau andZEifshitz, Statistical Physics Pt. 1):

| —{z
Peit Vet

a= jUr2(r)jr2dr (1.25)
2rg
16

b= —r3
3 0

where parameter 2ro denotes the point where Ui2(r) becomes repulsive (i.e. it
becomes positive when the interaction at in nity is taken to be zero).
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The compressibility factor Z for a van der Waals gas is given by:

PV \% a 1 a
Z= —=

= = (1.26)
RT 'V b RTV 1 b RTV

Taylor series. Function f that has derivatives of all orders can be expanded in
Taylor series: f(x) = ag+ ai(x h)+ ax(x h)2+ az(x h)3+ :: where the
coe cients are given by:

1 d"'f(x)

ap = f(h)and a, = —
0 () " dxn x=h

(1.27)

and we say that the function was expanded about point h. When h =0, the series
expansion in called Maclaurin series.

Example.  Find the Taylor series for In( x), expanded about x =1 (i.e. h =1
above).

Solution.  The rst derivative of In( x) is 1=x, which equals 1 at x = 1. The second
derivative is  1=x?, which equals 1 at x = 1. The derivatives follow a regular
pattern:

dnf
dxn

=( D" *n 1)
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so that we nally have: In( x)=(x 1) Z(x 12+ (x 13 2(x 1*+

When b=V is small, we can use the Maclaurin series to expand:

1 b b 2 b 3
— =1+ —+ — + — 4+ (1.28)
1 b=v \ \Y \Y
Thus we can write the compressibility factor  Z in Eq. (1.26) as (cf. Eq. (1.17)):
a 1 b 2
Z=1+ b BT V+ v + (1.29)
—
=B in Eq. (1.17)

Note that when T is small, 1=T is large and therefore a is important at low tem-
peratures and b at high temperatures. The Boyle temperature can now be obtained
from B(T) =0 as:
a
Tg = — 1.30
5= on (1.30)
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The following realtions can be used to relate a;b and P¢; T¢; Ve to each other:

27R2TZ 9 8a 8a RT a
a= 27 ¢ = CRTVe) Te= = and Pc = <= —— (1.31)
64P¢ 8 9RV. 27Rb 8b 272
RTe Ve
b= = = Ve.=3b 1.32
g, 3 ) Ve (1.32)

Example. The experimentally determined critical constants for ethane are P =
48:077 atm and T = 305:34 K. Calculate the van der Waals parameters of the gas.

Solution.  First convert everything to Sl units:

P. =48:077 (1:013 10°) Pa=4:870 10° Pa

Ve =0:1480 dm3 mol 1 =14:80 10 % m® mol 1!

Tc =305:34 K

Egs. (1.31) and (1.32) allow to express a and b in terms of three dierent pairs

(Pc; Ve), (Te; Ve) and (Pc; Te). The ( Pe; Te) pair is given here and hence the follow-

ing form of equations should be used to get a and b:
27 (RT¢)? RTc

a= ———— and b=

(1.33)
64P. 8P
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1,

z
27%8:3145 J mol 1K ! 30534 KX
27 (RT.)? Nm*
- ZTRTe)” _ 0 1 = 0:5583— 1
64P¢ mol

6484:870 105 BA X
Nm 2

N 6
mz M Pa m® 9:869 10 © atm (10 dm)®
= 0:5583—" = 0:5583— = 0:5583 m_(10 dm)
mol mol mol
=5:510 dm® atm mol 2
RT 8:3145 J mol 'K 1 30534 K
= %= =6:652 10 > m3 mol !
8P, 8 (4:870 106 Pa)

=6:652 10 5 (10 dm)® mol ! =0:06652 dm® mol !

Note: Once you get used to unit conversions, it may be easier to express the gas
constant in units of dm 3 barmol 1 K ! (numerical value in these units is 0.083145).
Other units can be used as long as they are consistent ( unit analysis is important! ).
Sl units are \automatically" compatible with each other.
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The van der Waals equation fails in the neighborhood of the critica | point:
Ve V [ (Te T)¥? (1.34)

However, experiments show that the exponent is close to 0.32 rather than 1 /2.
Other properties that depend on ( T¢  T) show similar discrepancies as well.
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1.8 The principle of corresponding states

First we de ne reduced variables corresponding to P;T and V as follows:

P-P'V-V'T-T (1.35)
r PC » VI V(; » hr Tc .
By using these variables, it can be shown that the van der Waals equation b ecomes:
8T 3
Ppp=_——'_ = (1.36)
Vi 1 V2
Note that the gas dependent constants

a and b disappeared from the equa-
tion. Thus within the van der Waals

S
£ T equation of state, all gases (regadless
N g oumm | | of their a and b values) should yield
7 ] o fj{;‘j;;;:"e identical curves. The compre_SS|b|I|ty
£ 3 Ritisogen, factor for van der Waals equation can
S L3 & v Propane A .
L e ® | also be expressed in reduced units:
i
Tr;l,OO \A 9
Z= 1 (1.37)
Vy z 8V, Ty
0 | I I R 3
1 2 3 4 5 6 7

Reduced pressure (P)
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1.9 Description of the state of a system without
chemical reactions

Intensive variables:

System Degrees of freedom  Example choice of variables
One-phase F=2 (TP) (VY (PV)
Two-phase equilibrium F=1 TorP

Three-phase equilibrium F=0 none

Note: If multiple species (i.e., di erent gases) are included in one system then ad-
ditional degrees of freedom must be speci ed (increases by Ns 1, where N5 is the
number of species; \the Gibbs phase rule"). Furthermore, a non-reactive sy stem
was assumed.

Extensive variables: one extensive variable per phase (i.e., the amount of each
phase).

Example.  Temperature of liquid “He (T < 4 K) can be determined from the
helium vapor pressure in a closed container. Note that both liquid and g as phases
coexist and thus only one variable is needed to specify the state of the syst em (both
intensive variables). The experimentally observed phase diagram and th e relation
between helium vapor pressure and temperature are shown below.
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100 - soiid (hep)
(bcc)
Liquid He-I
10F 8001 B
= Critical B
s point \? g ook i
a 3 ! §
Liquid g “oor 1
He-ll >
(superfluid) 200~ B
01 Triple Gas
point = # L > 5
H Temperature (K)
0.01 L B! L L The dashed line shows that 610 torr
1 2 3 4

T, T vapor pressure corresponds to 4 K.
(217K) (4.22 K)(5.20 K)
Temperature (K)

Helium phase diagram.

Example. For a non-reactive system with two species, two extensive variables are
required for a complete description (i.e., the amount of each species).

Recall terminology: \intensive state of system" = \described by intensive variables"
(i.e., they do not depend on the size of the system); \extensive state of system" =
\described by extensive variables" (i.e., they depend on the size of the system).

Note: The choice of variables is not unique, only the number of variables is xed.
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1.10 Partial molar properties (gas mixtures)

A function is said to be homogenous of degree k if:

f(xX1;X2;05 X N)= kf(xl;xz;:::;xN) (1.38)

All extensive variables are homogeneous of degreek = 1:
V(niingmsnn)= V(ngngunng) = Vo(ngngmng) (1.39)
where V is, for example, volume and n;'s are amounts of gases.

All intensive variables are homogeneous of degree zero k = 0):

T(ny;nzunnn)= OT(ngna;iny) = T(nainz;ssng) (1.40)
Euler's theorem. If function f is homogeneous of degreek then the following
holds:

kf (X1;X2;55XN) = Xi M (1.41)
i=1 @x

Proof. Function f is homogenous with degree k:

fOx 1 X200 X n) = F (e X255 X))



Di erentiate both sides with respect to and apply the chain rule:
8 9
2
X E@f(xl;Xz;:::;xN) axi)-

=1 8 @xi) 183

=X

This holds for all values of and therefore we can choose =1:

Xi = Kf (X1;X2; 55 XN)

This completes the proof. If we apply this to volume V (k = 1), we have:
ni;nz;:;n
V= @Mnuinziing ) ny+
@n TiPifnjgjer
ni;nz;:;n
+ —@\( 12 N) ny = Ving + Vana + i+ Vyny
@TN T;P;fnjgjgN

where V; are referred to as partial molar volumes (m 3 / mol):
@V

Vi =
@n TP;fnjgje;

=k KM (xx2; XN )

35

(1.42)

(1.43)
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Partial molar volume tells us in practice how much the volume cha nges when a small
amount of gas component i is added to the gas mixture ( P, T and the amounts of
other components remain constant). In terms of di erentials:

dVv = Vidn; (1.44)
where dn; is an in nitesimal change in the amount of component i and dV is the

change in total volume occupied by the gas mixture. The total dier  ential combining

all the components is:
dV = Vidni + Vodna + i+ Vydny (1.45)

The non-di erential form is convenient to write in terms of mole fra  ctions (y;):

V = Viyr + Vayz + i+ VN (1.46)
This result can be obtained by dividing both sides of Eq. (1.42) by n.
Example. Calculate the partial molar volume of a gas in an ideal gas mixtu re.

Solution.  The volume of an ideal gas mixture is: V = % (ng+ na+ i+ ny).
The partial molar volumes can be calculated by using Eq. (1.43):
vi- @V _RT
@n TPifnjgjei P
All of the gases in the mixture have identical partial molar volum es. This is not
true for nonideal gases or liquids.
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1.11 Barometric formula

In the following we calculate the e ect of additional pressure arising  from gravita-
tion. This would be important, for example, if we consider a column o f gas where
a di erence in gravitational force exists:

F= mg (2.47)
where m is the total mass of the gas and g is the standard gravitation constant
(9.80665 m's 2). To be exact, this constant depends on the position of measurement

on earth. It can be as high as 10.7 m's 2. In non-SI units the value of this constant
is322fts 2.

The amount of gas within dh is:

dmgas = A dh (1.48)
_ where is the gas density (kg m 3) and A is the column
I _} dh cross section. The force di erence is given by:
dF = dmgasg= Agdh (1.49)
" Dividing both sides with A vyields the pressure di erence:
- dP = dTF = gdh (1.50)

Gas column with . .
cross section area A. Note the sign convention in force ( = down).



For an ideal gas, we have an expression for the gas density
M PM
PV=nRT and = ) ="2
\ RT
where M is the molar mass (kg mol 1). Thus we have:

ap= Moan
RT

Separation of variables and integration from h =0 (Pg) to h (P):

i 2
dp
- = ﬂdh
P RT
Po 0
m P - 9Mh
Po RT
gMh
P = Ppe RT

This is known as the barometric formula .
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(1.51)

(1.52)

(1.53)

(1.54)

(1.55)
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000,
*—k N,

[5-£1 Total pressure

Pressure (atm)

X

0.8

| n | L T
0 5000 10000 15000 20000
Altitude (h) / meters

Pressures of O, and N, and the total pressure of atmosphere at various heights as

predicted by Eq. (1.55). It was assumed that the temperature does not dep end on
height (which is not quite true).



Chapter 2: First law of thermodynamics

\A system can exchange energy with its environment in the form of wo rk or heat.”
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2.1 Work and heat

Force (F) acting on a particle is a vector quantity as it has a direction and ma  gni-
tude. Newton's law of acceleration:
F=ma (2.56)

where F is the force (Newton, N), m the mass (kg) and a the acceleration (ms 2).

Work is a scalar quantity (in units of Joule):
W=F [=Fxlx+ FyLy+ FzL;= F [ cos() (2.57)

where C is the vector de ning the path (direction and length) along which th e work
is being done. Subscripts refer to the Cartesian components of the correspo nding
vectors.

Pressure P (Pa) is a scalar quantity:
Fs
p=-= 2.58
A (2.58)
where F, denotes the force component (N) that is perpendicular to the surface wit h
area A (m?2).

Example. What is the work done on/by a moving piston inside a cylinder?

Solution.  We assume quasistatic system: P = Pey at all times. This corresponds
to slow movement of the piston.
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Area A
The system consists of the piston and the cylinder and sur- pAie
roundings to outside of the cylinder. The work done on/by
the the system (piston) is:
w= F, L= P1A{ZL}= PV o
V ext

Piston & cylinder

where the piston moved by L and V is the change in the cylinder volume.
Note that L and V change sign depending on the process (i.e. compress or
expand). Note the sign convention: \+" means that the surroundings did work on
the system and \ " means that the system did work on the surroundings. The
previous expressions can also be written using di erentials. For example i n this
quasistatic case we have:

dw= PeqdV(= PdV) (2.59)

Example. What is the work done by a system slowly lifting an object weighting
1.00 kg by 0.100 m? The opposing force is the gravitational force.

Solution.  The work is given by (note slow corresponds to a quasistatic system):

w=F h= mgh= (1:00kg) (9:81ms 2) (0:100m)= 0:981J
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Integration of Eq. (2.59) yields an expressi%n for work when P = lP(V;T):
pgnt 2 pgnt 2
w = Pext (V;T)dV = P(V;T)dV (2.60)
point 1 point 1
where the end points of the line integrals are located on the ( P;V) plane.
Example. The state of a mole of gas can be changed from (2 Pg, Vo) to ( Po, 2Vo) by

in nitely many di erent quasistatic paths (two di erent choices are sh own below):
Path 1:
1o 1sobavic stepl White: Path 2 1. Pressure is constant (2Pg), expansion from Vo
op| _ sggheatfousip to 2Vo (heat ows in).
I Isochoric step 2. Volume is constant (2 Vg), drop in pressure
| (heat flows out from 2Pg to Po (heat ows out). Total amount
Pl — — = - — — of work (w) = 2PgVp (contribution from the
l e rst segment only).
| | Path 2:
% VI., 2\',0 1. Volume is constant ( Vo), drop in pressure from

2Pg to Pg (heat ows out).

2. Pressure is constant (Pp), expansion from Vg to
The total amount of 2Vp (heat ows in). Total amount of work ( w)
work depends on the = PoVp (contribution from the second
path! segment only).

Paths on the PV plane.
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Adiabatic process: The system is thermally insulated and it cannot exchange heat
with its surroundings. The two paths in the previous example invo Ived heat ex-
change and therefore they were not adiabatic processes.

For an adiabatic process in a closed system, the change in system's internal energy
(U) is directly related to work:

U=w (2.61)

Note that U follows the same sign convention that w does. Molar internal energy
is expressed with a symbol U (J mol 1).

Example. A thermally insulated water tank with a stirrer.

Water mixer

“source of work”

Transfer of work

to the system
The internal energy (U) increases. This
corresponds to increased motion of water
molecules in the tank (increase in temperature).
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Let's consider a water tank that is in thermal contact and has no stirrer ( i.e. no
source of work):

system
H,0

Hot plate
surrounding;

If the hot plate is warmer than the water, the water temperature incr  eases (heat
transfer). In previous example increase in system temperature was achieved by
doing work on the system. Thus increase in the internal energy of the system can
be achieved either by doing work on it or by transferring heat into it

Both work and heat are forms of energy crossing the boundary between the sy stem
and the surroundings. When no work is done on the system, the change i n its
internal energy can be expressed as:

U = g (no work done) (2.62)

Both work and heat have the same Sl unit (J).
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2.2 First law of thermodynamics and internal energy
The rst law of thermodynamics states that:
U=q+w (2.63)

dU = dg+ dw (2.64)

Note that g and w indicate changes in heat and work { in this sense is \missing"
in this notation.

The above equations are obtained by combining the results from prev ious section for
work and heat. The internal energy of a system ( U) is a function of state variables
(for example, P;V;T; closed system). Internal U energy is an extensive property.

The di erential corresponding to the internal energy, dU, yields zero when inte-
grated over a closed loop in the state Ispace:

du=0 (2.65)

However, the component di erentials €g ad dw do not have this property.

Energy may be transferred in one form or another, but it cannot be cre ated or
destroyed (energy conservation).

U depends on state variables, e.g. U(T;V;n) or U(T;P;n) for pure substances. For
mixtures, the composition must also be speci ed.
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2.3 Exact and inexact di erentials

A di erential with two independent degrees of freedom, can be expressed as (\Pf af-
an form"):

du= M(x;y)dx + N (x;y)dy (2.66)

For exact dierential du functions M and N must correspond to some derivatives
of u. However, in general, there are di erentials for which this does not h  old. Such
di erentials are called inexact di erentials

Test for exact di erentials.  Di erential du is exact if and only if:

@Nxy) _ @Mxy) .67

@x y @y X

Example. Show that the following di erential is exact:

9x2 3x3
du= 2y + 2 dx+ x2 Lz dy
—e2y —ely
=M =N

Solution.  To show this, we verify that Eq. (2.67) holds:



2 2

@A = @ 2xy + 9L =2X QLZ
@y X @y y X y
@N @ 2 3X3 9X2
- = — X —_ =2X -
@x , Ox y2 oy y2

Because both partial derivatives are equal, di erential  du is exact.
For functions with three independent variables, the Pfa an form is:
du= M(x;y;z)dx + N(x;y;z)dy + P(x;y;z)dz

and the corresponding condition for exactness is now:

@M _ @N
E)’ x;z B @ yiz
@N _ @P
62 Xy - @ Xz
@M _ G@p
@ Xy ) @( yiz
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(2.68)

(2.69)



49

Example.  Show that the following di erential is not exact but it can be trans-
formed into an exact di erential by dividing both sides by X.

du = | 2ax2{;- bxy} dx + | bx? 1%72 cxy} dy

=M =N

Solution.  Calculate the required partial derivatives and use Eq. (2.67):

@A = —@ 2ax? + bxy = bx
@y X @y X
en _ o bx? +2cxy  =2bx+2cy 6 bx
@x @x y
Thus the original di erential is not exact. After dividing du by x, however:
@7NP = @ (2ax + by) =b
@y X @y X
@—N) = —@ (bx+2cy) =b
@x @x y

This procedure of transforming an inexact di erential into an exact on e is called
the method of integrating factors .
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Line integrals  are evaluated over a speci ed path in the x-y (or in higher dimen-

sional spaces):
(xZ:y1) (xzZ:y1)
du = [M (x;y)dx + N (x;y)dy] (2.70)

(X0:Y0) (x0:yo0)

However, this is not yet well de ned because there are in nitely many path s that
connect points ( Xo;Yo) and (x1;y1) in the x-y plane. One such path is shown below:

>

z,—zy=u(x, y;)—ulxo yo)= du= | du

Z,=F(x ¥y
Z,=F(x, y,))

I y

|
(0 ¥o)
Curve C |
in the x-y

plane [C572)

=X

Path integral “sums” function F over infinitely
small segments along path C.
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An integration path ( C)inust bezspeci ed for line integrals:
du= [M(x;y)dx + N(x;y)dy] (2.71)
c c
Note that line integrals are sometimes also called path integrals.

When the integration path is de ned by functions y = y(x) and x = x(y), the line
integral along this path can be calculated as:
Y4 £ 21
du= M(xy(x))dx+ N(x(y);y)dy (2.72)
c Xo Yo
Example. Find the value of the following line integral:
z z
du = [2x +3y)dx + (3 x +4y)dy]
c c
where path C is the straight-line segment given by y =2x +3 from (0 ;3) to (2;7).

Solution. In the rst term, y must be replaced by 2x + 3, and in the second term
X must be replaced by (1=2)(y 3),
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4 22 z7

du= [2x+3(@2x+3)] dx + g(y 3)+4y dy
c 0 3
2 2 2= 7
= gy . Wy gy =126
2 0 2 2 3

If dierential du is exact, then the line integral does not depend on path but only
on the end pgints:

du = %ﬁ dx + %; dy = u(xiyr) u(koiyo)  (273)

C C

For closed paths, this alway? yields zero ( this does not hold for ineact di erentials ):

du =0 (over a closed loop) (2.74)

Example. Show that the line integral of the previous example has the same va lue
as the line integral of the same di erential on the rectangular path from (0;3) to
(2;3) and then to (2 ;7).
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Solution.  The integration path is not a single curve but two line segments. So we
must carry out the integration separately for each segment. On the rst segm ent, y
is constant, so dy = 0 and the integral containing dy vanishes. On the second line
segment, x is constant, so dx = 0 and the integral containing dx vanishes:

z z z 2x2 2 ay2 7
du = (2x +9) dx + (6+4y)dy = T+gX + 6y+7 =126

C 0 3 0 3

Note that this is the same result as obtained in the previous example.

Example.  Show that dierential du = dx + xdy is inexact and carry out line
integration using two di erent paths between points (0 ;0) and (2;2). Path 1 is
de ned as: straight line from (0 ;0) to (2;2) and path 2 as: rectangular path (0 ;0)
to (2;0) to (2;2).
Solution.  First we show that the di erential is inexact:

@ @
—(1 =0and —(x =160
ay” | ),

) du is inexact di erential.
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Integration along path 1 (denoted by Cj, a straight line y = x):

4 4 4 72 z2

2 2
du= dx+ xdy= dx+ ydy=xj§+y? =4
C1 C1 c1 0 0 0
Integration along path 2 (denoted by C»):
z z z 2 2
du= dx+ xdy= dx+ 2dy= xji+2yj2=2+4=6
Cz Cs (o 0 o

Thus the value of the line integral depends on path. This is because du is inexact.
For three indep%ndent v%riables, line integral is de ned as:
du = [M(x;y;z)dx + N(x;y;z)dy + P(x;y;z)dz] (2.75)
[ c
Furthermore, the integral can be evaluated using:
z Z1 .41 21
du=  M@y(x);z(x))dx+ N(x(y);y;z(y)dy+ P(x(2);y(2);2)dz (2.76)

C X0 Yo Zo



If du is exact di erential, tl}e value of the line integral depends

du = u(x1;y1;21)  u(Xo;Yo;Z2o)
C

In general, for cyclic proceslses:

du =0 (only if du is exact)
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only on the endpoints:

(2.77)

(2.78)
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2.4 Work of compression and expansion of a gas at
constant temperature

Work can be done on/by a gas upon compression/expansion. In the follo wing exam-
ple gas is the system and the surroundings constitutes of a piston and a thermostat
(i.e. a container that keeps the temperature constant).

Assumptions:
I No friction P,
| No external tside the B
0. external pressure outsiae
cylinder (from atmosphere) |
I Cylinder immersed in a Initial state Final state v Vi
thermostat (constant T) stoppers in place stoppers removed PV-work
Compression by a piston with mass m.

Consider a two stage process:

1. Pressure P1, Volume Vi and Temperature T (stops removed but the piston
has not yet fallen down due to gravity).

2. Pressure P2, Volume V, and Temperature T (the piston has fallen down).
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At both points the external pressure is  Pext = ”)Tg where A is the area of the piston.
Thus the force pushing the piston down is mg. At the end of the process the gas
pressure will be the same as the external pressure: Pext = P2. Recall that work was

de ned as \force distance", which in this case means (see Eq. (2.60), Py <P ):

i fm
Weomp = dw = | ?th dv = Pa(V2 Vi)= P2(Vi V2)>0 (2.79)
ini ini constant

or expressed in another way without reference to Pj:

g
Weomp = I-?fit} dv = % f??; = mg h (force distance) (2.80)
ini constant = v

where the positive sign for wcomp Signi es that work was done on the system and h
denotes the distance that the piston moved (the shaded area on the previo us page
P-V plot).

Next, consider expansion of a gas in a two stage process:
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m
il
<
== W o I = P,V,T
= T
PV, T ?
Initial state Final state Vs

stoppers in place stoppers removed PV-work

Expansion of gas (piston pushed up).

Work done by the system is given by ( P1 > P2, P2 = Pext ):
fn
Wexp = |_{fx} dV = Pext (V2 Vi)= P2(V1 V2)< 0 (2.81)
Il constant

Note: jWcomp j > jWexp j. More work is required to compress the gas than can be
obtained by expansion. This process is irreversible

Is it possible to move the piston in such a way that  jwexpj = jwcomp j? In other
words, is it possible to make the process reversible in terms of work?
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Yes. Instead of single-step compression, we should use many compression steps with
increasing external pressure Pext . This can be achieved by increasing the mass
gradually (mis <m<mgz<:):

m

Pt P K
m,
2

3

Py q]\ P,
V] VZ V] VZ V] VZ
Two-step process Three-step process Infinitely many steps

In other words: do not apply all the force at once but increase it gradu ally. Note
that in a reversible process the pressure inside the cylinder a nd the external pressure
are equal at all times. In this case the work is obtained by ( P is the pressure inside
the cylinder):
fn X2 X2
Weomp = dw = Pext dV = PdVv (2.82)
ini Vi Vi
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Expansion work Wexp can also be carried out using in nite expansion steps ( mjy >
mp >m 3:):

P AT P} <
m.

P

2 ~ 2|
Vl Vz v1 VZ V] VZ
Two-step process Three-step process Infinitely many steps

This in nite expansion process is also reversible. The expression for work i s now:
g 21
Wexp = dw = Pdv (2.83)
ini Vo
Work over one closed cycle (reversible compression followed by reversible expan sion):
X2 .4 X2 X2
Weycle = Pdv Pdv = Pdv+ PdV =0 (2.84)
Vi Vi

Vi V2
| —{z—} | {z—}
compression  expansion

Thus the in nitesimal process is reversible. Many calculations can be carr ied out
exactly only for reversible processes. Most processes in nature are, however, irre-
versible. Sometimes they can be approximated as reversible processes.
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For a reversible process Pext = P (in the cylinder) always. Assuming that the gas
in the cylinder is ideal, we have for reversible expansion (T constant, Vi <V, ini
=land n =2):

X2 X2 X2
nRT A
Wexp;rev = Pext dV = Pdv = TdV = nRT In v (2.85)

1
Vi Vi Vi

For reversible compression (T constant, V1 >V, ini =1 and n = 2), we have
Weomprev = NRT In % > 0.

For an ideal gas at constant temperature, we have P;Vi = P2V, and Eq. (2.85) can
then be written:
\V/ P [=)
Wexprev = NRT In 2 - pRTIN - =pRTIN -2 (2.86)
Vl P2 Pl

The maximum amount of work of isothermal expansion of a van der Waal s gas is:

X2
nRT an? Vo, nb 1 1
Wexpirey = T @gv= nRTIh 22 +an2 — =
V. nb V2 Vi nb Vi V2
Vi
(2.87)

Note: During reversible processes the system and the surroundings are in equilib -
rium. However, such processes are ideal since they take in nitely long time to
proceed.
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Example. Calculate the work done when 50 g of iron reacts with hydrochloric  acid
in (a) a closed vessel of xed volume, (b) an open beaker at 25 C (reversible). The
reaction is:

Fe(s) + 2HCI( ag) ! FeClz(aqg) +H 2(g)
Assume that H ;> follows the ideal gas law.
Solution.

(a) The volume cannot change, so no PV -work is done and wexp = 0.

(b) The gas drives back the atmosphere and therefore Wexp = Pext V. We can
neglect the initial volume ( V1) because the nal volume ( V;) after production of
gas, is much larger. We assume that H » behaves according to the ideal gas law (n
moles of Hy):

nRT _ nRT

P Pext

where P is the gas pressure and Pext the atmospheric pressure. Note that solids
have negligible volumes compared to gases and therefore we have:

V=V Vi Vo=

nRT
Pext

When 1 mol of Fe is consumed in the reaction, 1 mol H » is produced.

Wexp = Pext V Pext = nRT
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Because the molar mass of Fe is 55.85 g mol 1, it follows that:

50 ¢

5585 g mol 1 8:3145 JK mol ! (298:15K)= 2:2kJ

Wexp
Thus the system (H > gas from the reaction) does 2.2 kJ of work driving back the
atmosphere.

Example. Work of expansion of an ideal gas. One mole of an ideal gas expands
from 5 to 1 bar at 298 K. Calculate wexp (@) for reversible expansion and (b) for
an irreversible expansion against a constant external pressure of 1 bar.

Solution.  (a) We use Eq. (2.86) with P1 =5 bar (ini)and P, =1bar( n):

P2 1 1 1 bar
Wexp; =nRTIn — =(1mol 8:3145 J K * mol 298 K) In
exp;rev Pl ( ) ( ) 5 bar
(b) The irreversible work is gi\/A'eonogy‘]Eq. (2.81):
Wexpi = Pp(Va Vi)= P nRT  nRT — _ \rr P2
exp;irrev - 2 2 1) — 2 P2 Pl - Pl
) 1 1 1 bar _
(1 mol) 8:3145 J K * mol (298 K) 1 = 2000J

5 bar
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2.5 Various kinds of work

The following are most often encountered types of work:

Type of work Di erential Comments Conjugate pairs
Expansion, Pext dV \PV -work" Pressure P, Volume V
Hydrostatic

Surface expansion  dA s is surface tension and As

and As is surface area

Extension, FdL Change in length Force F, Length |
elongation
Electrical dQ Transport of electrons  Potential di erence ,

Electric charge Q
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Surface tension ( ): \Force / distance" (unit N m 1):
F

= _ c 4 2.88

i . (2.88)

-+—F —|| Soap film L

e ——

Ax
Idealized experiment to determine
surface tension.

Surface tension of water.

For a Im with two sides, the force F acting on the bar ( L is the width) is given by:
F=21L (2.89)
Work corresponding to moving the bar by x is given by (\force distance"):
w=F Xx (2.90)
By combining these two equations we get:
w=F x= |2L{Z_),E = As (2.91)
The di erential form of Eq. (2.91) is: =
dw= dAs (2.92)

In other words, to get work w, multiply the surface area (m 2) by surface tension (J
m 2). Note that units Nm 1 and Jm 2 are equivalent.
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What is the microscopic origin of surface tension? Consider water surface, for ex-

ample:

+++ 4+ 4K
+++ 4+

“lower energy configuration” “higher energy configuration”

@ H,0 molecules missing neighbors (lacking hydrogen bonding)
([ ] H,O molecules with all neighbors (better hydrogen bonding)

- Water sufrace

Molecules residing on the curved surface are missing neighboring atoms wh ich they
could hydrogen bond with. Surface tension depends clearly on the molecul e {
molecule (or atom { atom) interaction strength. For example, surface ten  sion of
water (hydrogen bonding) is much larger than for liquid argon (v an der Waals

binding).



Example. Calculate the amount of work that a spherical bubble in super uid
does when its radius changes from 10 A to 20 A. Surface tension of L-He
cm 1A 2

“The bubble can be created by
a solvated electron in LHe”

LHe

Expansion of electron bubble.

The di erential surface area of the bubble is given by:

z
constant 2nd order

= 2 2 2
dAs =4 (r+dr) z}-{rz_} +8 rdr +1_id2}. 8 rdr

Eq. (2.92) now gives: dw= dA s =8 rdr
Integration from the initial radius  r; to the nal radius r¢ gives:

Zf Zt
w= dw=8 rdr =4 12 r

67

4He
is 0.18
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We could proceed by changing everything to Sl units, but here the expressio n is
quite simple and we just make sure to use compatible units:

h i
w=4 0:18cm ' A 2 20A % 10A2% =680cm =14 10 20

Surface tension work can also be understood in terms of surface energy.

Notes:
I The work in above example is positive, which means that work was do ne on
the bubble interface (i.e., interface area becomes larger).
I Recall that we don't usually use notation w to indicate change in work
because work is a relative quantity. The same applies for q. Instead of w,
we just use w.

Extension/elongation work:

dw = FdL (2.93)

where F is the extension force and dL is the displacement. For example: elongation
of a rubber band.
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Electrical work:
dw = dQ (2.94)

where s the electric potential di erence and  dQ is the di erential change in charge.
For example: electron transport in electrolytic cell.

A more complete form of the rst law is (\heat  dg + work dw"):
dU =dq PexdV + dAs+ FdL + dQ (2.95)
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2.6 Change in state at constant volume

Previously we have kept temperature constant and concentrated on the concep t of
work. In this section, under constant volume, heat must also be considered (h ere
work w will be zero). The amount of heat ( g) can be measured by determining
the change in temperature of a mass of material that absorbs the heat . The heat
capacity ( C) of the system is de ned as:

_ Y4 _
C= aT or CdT = dg (2.96)

where the heat capacity acts as a proportionality constant between chan ge in tem-
perature and the amount of heat. Notice that the di erential correspo  nding to heat
is inexact. This means that a path must be speci ed along which the di erential is
evaluated.

For a chemically inert system we can use two variables for describing the syst em
(T and V chosen here). Because the internal energy U is a state function (i.e. the

corresponding di erential is exact), we have the total di erential of U:
ww= @Y 41+ @V 4 (2.97)
@T @V t
Substituting dU = dq Pext dV in Eqg. (2.97) gives (only PV -work included):
@u @u
= — dT + Pext + — dv 2.98
dg aT ext av . (2.98)

By choosing the path in such a way that the volume V is constant, we have dV =0
and:
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@u
day @t (2.99)

Both the temperature and the heat transfer can be measured and thus it is co nve-
nient to de ne heat capacity Cy (T) at constant volume as:
U
d _ @ (2.100)

v et ety

For one mole of substance, heat capacity is denoted by Cy .

Note: Temperature and heat are two di erent quantities. On molecular scales tem-
perature is related to the kinetic energy distribution of molecules int  he substance.
Heat is related to the total energy of molecules (including potential ener  gy).

At constant volume, Eqg. (2.100) may be multiplied by  dT and integrated (see also
Eq. (2.99)):
72
Uy = Cy (T)dT = qv (2.101)
T1
If Cy is approximately constant between T; and T2, we can simplify the above
result:

Uy Cy (T, Ti1)=Cy T (2.102)
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Now we know what %’ v means but how about % . ? To see this, we keep T
constant (Eq. (2.97)):

Thermometer

eu
@v r

\T Joule found in his experiments that T 0
and therefore q 0. Rigorously this can be
shown to hold for ideal gases. This implies
High that for ideal gases we have:
Sraesssure Vacuum dg=0 (2.104)
Joule's experiment: Gas expands
into vacuum

dg= Pext + dv (2.103)

Gas expansion

If we consider an ideal gas in a process where Pexy = 0 and dV 6 0 (Joule's
experiment), it follows that (Eq. (2.103)):
@u
@v r
This result does not hold for real gases. In real gases molecules interact with each
other and a change in volume a ects the average distance between molecules.

=0 for an ideal gas (2.105)
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2.7 Enthalpy and change of state at constant pressure

Constant-pressure processes are more common in chemistry than constant-vo lume
processes because many experiments are carried out in open vessels. If only pressure-
volume work is done and the pressure is constant and equal to the appl ied pressure
(Pext ), we have wp = Pexx V = PV (P is the pressure of the system; quasi-
static system). Now the change in internal energy ( U) can be written as (see Eq.
(2.63)):

U=g+wp=0g P V (2.106)

where subscript P refers to a process at constant pressure (i.e. isobaric process).

Denote the initial state by 1 and the nal state by 2 and write Uand V explicitly:
U Ui=0d P(V2 Vi) (2.107)
Rearranging terms gives:
g =(U2+ PV Ui+ PVi)=H, Hi= H (2.108)
= (2
=H, =H;

where we have used notation H = U + PV and H is the enthalpy.
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From Eq.(2.108) it also follows that the di erentials correspondi  ng to heat (dgp)
and enthalpy ( dH) must be equal (at constant pressure):

dgp = dH (H is a state function and dH is exact) (2.109)

Because dH is an exact di erential, we can write the total di erential as:

dH = Ll dT + eH
@T » @P ;
Under constant pressure dP = 0 and if we combine Egs. (2.109) and (2.110), we
get:

dp (2.110)

@H
dop = — dT 2.111
Op @t , ( )
We can now de ne heat capacity at constant pressure ( Cp ) as follows:
dop @H
C —_— = —— 2.112
Pt @T » (2.112)

Integration of Eq. (2.111) gives an expression for change in enthalp y (cf. Eqg.
(2.102)):

Z2
Hp = Cp(T)dT Cp T (if Cp constant over Ty;T2 ) (2.113)

T1
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Example. Enthalpy change can be measured with a constant-pressure calorimeter.
A simple example of such calorimeter is the \co ee-cup-calorimeter". 10.0 g of ice
at 273 K is added to such calorimeter containing 100.0 g of water at 303 K. The
heat capacity of the calorimeter is 10.0 J K 1. What is the nal temperature of
the water in the cup? It was observed that all ice melted and therefore we k now
that all ice was transformed to water.

“Coffee-cup calorimeter”
Thermal insulation provided
by a styrofoam cup.

Solution.  Overall, the enthalpy is conserved (thermal insulation):

H .+ H + H + H
ice cold water water apparatus
melts warms to cools cools
nal temp. —{Z—} | z }
Z S water present coee cup
added ice in the cup

Enthalpy change for the melting process can be obtained by multi-
plying the mass of ice by the enthalpy of fusion (will be discussed
in more detail later):

Hice melts = Mice fus H =(10:0 @) |333{ng 1} =3330J

from table

Next we calculate the change in enthalpy when water at 273 K warms up t o the
nal temperature (see Eq. (2.113)):
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where T¢ denotes the (still unknown) nal temperature. On the other hand, the
water initially at 303 K cools down to the nal temperature Ty :

= Muater Cp.H,0 T =(100:0g) 419Jg *K ! T 303K

water
cools

Finally, we have to consider cooling of the calorimeter from 303 K dow n to the
nal temperature:

= Cecalorimeter T= 100JK ? Tt 303 K

apparatus
cools

Because the net change in enthalpy is zero (conservation of enthalpy), we ca n
solve for T; :



(3330J)+ 41:9JK 1? Tf 273K + 419JK 1 T 303 K

+ 1000JK 1! Tf 303K =0) T; =293 K

Note: In non-SI units the temperatures correspond to:
273 K=317 F=0 C (ice)

203 K =676 F =20 C (naltemperature)

303K =857 F=30 C (water)

i
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2.8 Heat capacities
Values for molar heat capacities can be found, for example, from the Na tional Insti-

tute of Standards and Technology (NIST) database (http://webb ook.nist.gov/chemistry/).
It has been observed experimentally that molar heat capacities at constant p  ressure

depend on temperature.

Empirical power series expansion:
cH Cp + T+ T2 (2.114)

€0.  Inserting this form into Eq. (2.113) gives:

20 He H= (T2 T+ T2 TP+ TS TP
760500 505 000 1200 1460 1606 1800 (2.115)
T(K)
Values for , and are given in the above database. Note that the temperature

range for these polynomial ts must be observed. In above, 1 refers to th e initial
and 2 to the nal state


http://webbook.nist.gov/chemistry/
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The relation between Cp and Cy :

Consider Eq. (2.98) at constant volume and pressure (with pressure P = Peyt ):

@u @u @u
= — dT + P + = dv = CydT + P + = dv (2.116
GQP @T v ext @V : vV ext @V . ( )
\
division by dT ) 9% _ Cyv + Pext + @u @\
|(H} Qv ¢ @T p
=C
2 3
\%
) Cp Cy = §Pext+ QU @—T >0
R AR
(term 1) (term 2)

where \term 1" is greater than zero (consider, for example, a van der Waals g as
where this term is equal to a=V) and \term 2" is also greater than zero because,
at constant pressure, increase in temperature will result in increased volume. T hus
we conclude that heat capacity at constant pressure is always greater than the heat
capacity at constant volume. This is not surprising because the former al  so includes
the PV -work and the work required to pull molecules apart.
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Example. Calculate Cp  Cy for an ideal gas (reversible process). Note that in
ideal gas, the gas molecules do not interact with each other.

Solution.  To calculate the di erence in heat capacities, we use Eq. (2.116). Be-
cause molecules do not interact with each other, the internal energy does no t depend
on volume. Hence (@U=@)M = 0. For an ideal gas, we have PV = nRT, from
which we can evaluate the partial derivative ( @V=@F = nR=P. Inserting the
partial derivatives into Eq. (2.116) gives Cp Cy = nR. This is the PV -work
required when temperature changes by 1 K.

Notes:

I Classical thermodynamics does not deal with molecular level informatio  n. It
knows nothing about atoms and molecules. In fact, when classical
thermodynamics was rst developed, scientists did not know about atoms
and molecules at all.

I For liquids and solids, Cp  Cy because they have small thermal
expansivities.

Results from the kinetic gas theory results for monoatomic ideal gas:

3
U= JRT (2.117) cy = SR (2.419)
H = 2RT (2.118)

5
2 Cp = R (2.120)



2.9 Joule-Thomson expansion

Joule and Thomson (aka Lord Kelvin) observed a
upsream T pownsrean CNANQE  IN gas temperature when it was expanded
"t through a throttle. To push one mole of gas through
- || “— the throttle, two processes must be considered (tem-
peratures remain constants on each side; they might,
however, be di erent):

Initial state

P, P,

1. Compression of gas on the left
Compression

————
i I
_

2. Expansion of gas on the right

On compression, the work is given by we = P; V =
Pi Vi Vi =P Vi, 0 = PV (positive because

Rl

Expansion \vork is done on the system (gas)).
Adiabatic  Joule- On expansion, the work is now we = P; V =
Thompson  with Pt Vi V¢ =P 0 Vs = P;V; (negative be-
Ti & T¢ and cause work is done by the system (gas)).

Pi >P ;.

The total amount of work (for the gas) is then:

W= We+ We= PV P;Vs

81

James Prescott
Joule, English
physicist (1818 -
1889)

(2.121)
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The system is thermally insulated, so that q = 0 (no heat exchange). Using Eq.
(2.63) we obtain:

U=U U=qg+w=PV, PV (2.122)
Rearrangement of this equation gives:
P = PRy @129
=H;¢ =Hj

This states that the enthalpy is conserved in the process ( isenthalpic process ). Based
on the experimental observation, we de ne the Joule-Thomson coe cient:

T, T1._ @T

im —= — 2.124
Pl 0Py Pp @P 4 ( )

JT =
which gives the change in temperature when pressure changes. At hightem peratures
the coe cient is negative (J-T process results in heating) and at low temper  atures
it is positive (J-T process results in cooling). The temperature, wheret he coe cient
is zero, is called the inversion temperature . The inversion temperature for N 2 is 607
K and for H o 204 K.

Notes:

I The J-T coe cient is zero for ideal gases: 0 = = gnR a1

@H =

I The cooling e ect can be understood by decrease in the van der Waals
interaction due to lower pressure (i.e. increased potential energy) and
decrease in the kinetic energy (i.e. lower temperature).
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2.10 Adiabatic processes with gases

In an adiabatic process no heat is exchanged with the surroundings ( dg = 0). If
only PV -work is involved, then the rst law (Eq. (2.64)) states that:

dU = dg+ dw = dw =  Pex dV (2.125)

If work is done against external pressure, the temperature of the system dr ops
(note: adiabatic process; no thermal contact). If the system was in therma | contact,
the system would exchange heat with its surroundings and the temperat ure would
remain constant.

Consider an ideal gas. The change in internal energy (  U) depends only on tem-
perature and not on volume (Egs. (2.97), (2.105), (2.100)):

dU = Cy dT, if Cy isindependent of T, we have: U=Cy T (2.126)

On the other hand, we know that U = w and therefore w = Cy T. Furthermore,
we know that w =  Peyxt V, which meansthat Pexx V = Cy T. This predicts
that upon increase in volume, the temperature decreases, for example.
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When adiabatic expansion is carried out reversibly, the equilibrium p  ressure can be
substituted for the external pressure ( Pext = P). For an ideal gas we have:
dT _ dv
CydT = PdV = 7dv ) Cv o= Ry~ (2.127)
If we assume that the heat capacity is independent of temperature and int egrate
both sides, we get:
Z2 X2
T \ T \Y
aT_ R CL) Cvin =2 =RIh % (2.128)
T T1 V2
T1 Vi

Cv

For an ideal gas we have Cp Cy = R and thus we can rewrite Eq. (2.128) as:
Cp

1
T V
2= where = (2.129)
T1 V2 Cv
The same result can be written in alternative forms:
T p, (D=
2= 22 (2.130)
T1 P1

PV, = P2V, (2.131)



Initial
T T T T

-- Isothernal expansign
— Adiabatic expansio

GZO 55 §O éS 410 415 50
Molar volume (L mo'll)

Isothermal and reversible adi-
abatic expansions of one mole
of an ideal monoatomic gas.
The isothermal case results in
higher pressure in the end be-
cause there is heat transfer to
the system from the surround-
ings (to keep the temperature
constant). In the adiabatic
case the temperature decreases
during expansion.

Example. Consider an adiabatic, re-
versible expansion of 0.020 mol Ar
(ideal gas), initially at 25  C, from 0.50
L to 1.00 L. What is the nal temper-
ature and how much work is done?

Solution.  First we have to modify Eq.
(2.129):
vi !
To=T il
2 1 A

Substituting the values, we get the -

nal T, (see Egs. (2.119) and (2.120)):
0:50 L 0666

1:00 L

From the temperature dierence we

can calculate the work ( Cy = 12:47
JK 1 mol 1;ideal gas):

=188 K

T, = (298 K)

Wrey = NCy T
=(0:020 mol) 1247 JK ' mol 1!

( 110K)= 273
Note the sign: the gas does work.

85
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2.11 Thermochemistry

Chemical reaction (or phase change) in a system is said to be:

Exothermic , if heat g < O (i.e. it releases heat).
Endothermic , if heat q > 0 (i.e. it requires heat).

Since enthalpy is an extensive property that is a function of the state  of the system
(homogenous of degree 1; see Eqg. (1.42)), we can express it in terms of par tial molar
enthalpies:
Ns
dH = H;dn; (2.132)
i=1
where N5 is the number of species and H; is the molar enthalpy of species i. When
the temperature and the pressure are constant, Eq. (2.109) gives:
Ws
dH = dgp = Hidn; (2.133)
i=1

where subscript P refers to constant pressure.
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Notation of chemical reactions:

Ws
0= ViBj (2.134)
i=1

where B; is the chemical formula of species i and v; is the corresponding stoichio-
metric coe cient.

Example. Use the above notation to express the following chemical reaction:
1
Hy+ 02! H20
2
Solution.  Insert the stoichiometric coe cients into Eq. (2.134):
1
0= 1H> 502 +1H 20

Herevi = 1;vp = 1=2;vz3=1and Ng =3.
Extent of chemical reaction () is de ned as:
ni = Njo + Vj (2.135)

where njg is the initial amount of species i (mol), is the extent of reaction (mol)
and v; are the stoichiometric coe cients (dimensionless). Note that evolves from
initial value of zero to the nal value where any of the component  n;'s reach zero.
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By combing Egs. (2.133) and (2.135) we get:

S
dH = dop = H; vid (2.136)
’ i=1 |i’£zn}
Dividing both sides of this equation by d yields:

X
H= @H _de T (2.137)

@ TP d i=1

where H is the reaction enthalpy . Reaction enthalpy tells us the rate of enthalpy
change at given point of reaction (). Note that the reaction enthalpy depends on
the way the chemical equation is written . For example, 2H2+0O > ! 2H>0 has twice
the reaction enthalpy than H , + %02 I H,0O. The Sl unit of reaction enthalpy is

Jmol 1.

Thermodynamic standard state:

Denoted by superscript (degree). For a standard state, Eq. (2.137) reads:

s
rH = Vi Hi (2138)

i=1
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The standard state of a substance at a speci ed temperature is its pure for m at 1
bar.

The phase of the substance is indicated by g (gas), | (liquid) or s (solid).
Example. What is the standard state of CH 3CH,OH (1) at 298 K?

Solution.  The standard state is pure liquid ethanol at 298 K and 1 bar (externa 1)
pressure.

Enthalpy change in chemical reactions:

Lavoisier & Laplace in 1780: \The
heat absorbed in decomposing a
compound must be equal to the heat
evolved in its formation under the
same conditions."

This means that in forward and reverse

Antoine Lavoisier, Pierre-Simon reactions the sign in  H is changed.
ienti Laplace, French . .

French scienist ' - Germain Hess in 1840: \The overall

(1743 - 1794) mathematician

heat of a chemical reaction at constant
pressure is the same, regardless of the
intermediate steps involved."

and astronomer
(1749 - 1827)
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Note that both previous statements follow directly from the rst law of thermody-
namics.

Example. Burning of graphite (in presence of excess O 7) to CO 3:
C(graphite) + O 2(g) ! CO2(g) rH = 393509 kJ mol !

Note that the sign signi es that the reaction is exothermic (releases heat to the
surroundings).

Example. Burning of CO (in presence of excess O3) to CO ;:

1
CO(g) + 5oz(g)! CO»(g), fH = 28298 kJmol 1!

Example. Dissociation of water to hydrogen and oxygen:
1
H20(I) 1 Ha(g)+ S02(9), H =+286 kJ mol !

Note that the \+" sign means that the reaction is endothermic (draws heat from
the surroundings).

For reactions, that cannot be studied directly, reaction enthalpies can be  obtained
by dividing the reaction into parts, which can be studied with the desi  red accuracy.
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Example. The heat released by burning graphite to CO is dicult to measure

accurately because part of it might produce CO , and part of the graphite might
not react at all. How can we determine the reaction enthalpy in this case?

Solution.  First we write reactions for burning of graphite yielding CO 2 and burning
of CO to CO , (excess O to ensure that reactions proceed all the way):

(1) C(graphite) + O 2(g)! CO2(g), rH = 39351 kJmol *
(2) CO(g) + %Og(g) I COa(g), rH = 28298 kJ mol !
Consider the reverse reaction of the last equation (Lavoisier & Laplace):
(3) CO,(g)! CO(g)+ %Oz(g), rH =+282:98 kI mol !

Next we add equations (1) and (3) together:
C(graphite) + O 2(g) +CO 2(g) ! CO2(g)+CO( g) + %Oz(g)
and after cancelling terms from the left and right sides, we get:
C(graphite) + %Oz(g) I CO

The total reaction enthalpy is obtained by adding the corresponding  values for the
partial reactions (Hess): H =( 39351+282:98) kJmol 1= 110:53 kJ mol

1
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2.12 Enthalpy of formation

Recall that we don't usually know the absolute values for the intern  al energy U but
only changes in it. Since H = U + PV, the same applies for H and therefore we
usually just concentrate on changes in enthalpy. However, we can specify ar eference
state and consider di erences in enthalpy from this state (relative entha Ipies or
enthalpies of formation ; ¢H ). Such a state is obtained from the stoichiometric
amounts of the molecules in the given substance in the standard state an d at the
temperature under consideration. When enthalpy of formation is calcul ated, one
mole of the product must be considered.

Example. What are the enthalpies of formation (  H ) for CO 2(g), CO( g), C(Q)
and O(g) under standard conditions (25 C and 1 bar) and why?

Solution. Consider rst CO 2(g). The formation reaction for CO  is: C(s) +

O2(g) ! COz(g) with tH = 39351 kJ mol 1. Note that always for the
formation reaction: tH = H . The situation for CO is analogous. How
about C(g)? In this case the formation reaction is: C(graphite) ! C(g). The

reaction enthalpy for this reaction is 716.7 kJ mol ! under the present conditions
(Numerical data can be found from the NIST Chemistry Webbook).

When the enthalpies of formation for each substance in a chemical reactio n are
known, it is possible to calculate the reaction enthalpy by (both enth  alpies under
the same conditions):
Ns
rH = Vi tH i (2139)
i=1
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Enthalpy of formation for a compound can be determined:

1. Experimentally: Calorimetric measurements, temperature variations of
equilibrium constants, spectroscopic determination of dissociation energi es.

2. Theoretically: From the rst principles using electron structure methods.

Note: The rst law of thermodynamics cannot determine if the reaction will o ceur
spontaneously or not.

Example. What are the standard enthalpy changes at 298.15 K for the follow ing
reaction:

CO>(g) + C(graphite) ! 2CO(g)

Solution.  First we note that for graphite ¢+ H (graphite) = 0 (choice of reference

point). The other ¢ H values can be looked up from the NIST chemistry webbook
database: H (CO)= 1105kIJmol 1 and {H (CO2)= 3935 kJ mol 1.
Note that these values are given at 298.15 K temperature. The standard reaction
enthalpy is now given by:

rH =2 H (CO) tH (CO») ¢+ H (C(graphite))
=2 1105 kImol ! 393:5 kJ mol !

=172:5 kI mol 1!
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If we need to calculate reaction enthalpies at some other temperature than  298.15
K, we have to use heat capacity Cp to account for the change in temperature
(Kirchho 's law):

A HS
reactants ————— products

298K T

CoreaadT J Co T

298K

A H

o
r 4 208K

reactants ———» products

Starting from the reactants, calculate the change in enthalpy when t emperature is
changed from T to 298 K, use the known reaction enthalpy for the reaction, and
calculate the change in enthalpy when temperature is changed back fr om 298 K to
T.
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The expression for H at the given temperature T is therefore:

~ R
— T
2B K zZr
rHy = Chireact (T)AT + rHoggy + CP;product (T)dT (2.140)
T 298 K
Zr c P;product _CP;react
rHe = rHogex + rCp(T) dT (2.141)
298 K
¥s
rCp(T) = Vi Cp, (T) (total heat capacity change in the reaction) (2.142)

i=1
To get the temperature dependency of the reaction heat capacity ( rCp), We use
the empirical form of Eq. (2.114):

rCp= ¢ +( ¢ )T+(  )T? (2.143)
Ws s Ws

with | = Vi i, r = vi jand = Vi j
i=1 i=1 i=1
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If the values , and for each speciesi are known, it is possible to insert them
into Eq. (2.143) and further use Eq. (2.142) to obtain the reactio n heat capacity:

z
rHr = Hoggi + ro+ T+ T2 dT (2.144)

298 K

= tHag + r (T 29815K)+ % T? (298:15K)2

+ é T3 (298:15 K) 3

In principle, it would be possible to choose another reference temperatur e. Some-
times absolute zero temperature is used ( rH, ). For a diatomic molecule, this
would correspond to the bond dissociation energy. Note that other empir ical para-
metrizations are often also used. For example, the NIST chemistry webboo k uses
the Shomate equation, which is essentially a 3rd order polynomial w ith a 1 =T?2 term
added.
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Example. The standard enthalpy of formation of gaseous H ,0 at 298 Kis 241:8
kJ mol 1 (constants obtained from the NIST chemistry webbook). Estimate its
value at 373 K given the following values for the molar heat capacit ies at constant
pressure: HO (g): 34JK 1 mol 1;H,(g): 2868JK 1 mol 1; 0, (g): 28.9J
K ! mol 1. Assume that the heat capacities are independent of temperature.

Solution.  The reaction is: H 2(g) + %Oz(g) I H20(g). When the heat capacities
are independent of temperature, Eg. (2.141) can be replaced with:

rHazsk = rHoggk +(I(373 K) {z (298 K)% rCp
T=75 K

To proceed, we need to evaluate Cp:
_ 1
rCp = Cp.h,0(0) ChiHa(g) + ECP;Oz(g)
1
=34JK mol ' 288JK 'mol l+ 5 289 JK mol ?

= 94JK mol !

Using this we can calculate  +Hgyq i -

rHaps = 241:8 kI mol 1+ (75K) 9:4JK moal ! 243 kJ mol 1!



2.13 Calorimetry
Stirrer  Thermometer

Insulated cover

Thermally
insulated
Dewar flask

Constant pressure calorimeter.
Experimental determination of
H.

When reactants A and B are
mixed in the calorimeter, heat

is either released or absorbed.

This is observed using a ther-
mometer. Note: PV-work is
possible.
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Power
Stirrer supply Therometer

Constant volume calorimeter.
Experimental determination of
u.

A compound reacts with O »
(combustion). The heat re-
leased from the reaction, is
conducted to the surround-
ing water bath. Changes
in the bath temperature are
measured with a thermometer.
Note: no PV -work is possible.



Constant pressure calorimeter: Chemical reaction: R !

Ha = H(T1)+ Hp (2.145)
Ha = Hgr+ H(T2) (2.146)
where Hpa is the overall

enthalpy change.

The overall enthalpy is conserved:

99

P (volume may change).

Route 1 AM(T) Final
R(T,) + Cal(T,) — P(T,) + Cal(T,)
Q

AH, b\(\: AH,
R(T) + Cal(T) ——— P(T,) + Cal(T,)
Initial AH(T) Route 2

Two di erent ways to proceed from reactants
to products.

Ha =0. Thus we have two equations for H

at Ty or T (T small; see Eq. (2.112) with P =0):
z—J {
H(Ty) = Hp = [Cp(P)+ Cp(Cal)](T2 Ti)= Cpers (P) T (2.147)
H(T2) = Hr = [Cp(R) +{ZCP (Cal)l} (T2 T1)= Cpeit (R) T (2.148)
Cp (P) = (constant pressure) heat capacity of the product.
Cp(R) = (constant pressure) heat capacity of the reactant.
Cp (Cal) = (constant pressure) heat capacity of the calorimeter.

Note: All Cp's above are extensive variables (i.e. not molar quantities). In practice,

Cp (cal) dominates and Cp.et (P)

CP;eff (R)
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If H has been determined in a calorimetric experiment, rH for a balanced
chemical reaction can be calculated using:
H
rH = —— ( = the extent of reaction; see Eq. (2.135)) (2.149)
If lthen H H. How can we determine Cp (cal) in Egs. (2.147) and

(2.148)?

Use a calibrated heater to supply heat into the system and observe the tempera ture
change using a thermometer. The amount of heat supplied by the heater is:

Zt Zt
g= P(t)dt= IH dt = RI %t (2.150)
0 =P 0
R = IE (Ohm's law) (2.151)
P = Ul (de nition of power) (2.152)

where q is the heat supplied by the electrical heater element, P is the power dis-
sipated (constant; Watt), U is the applied potential (Volt; not internal energy ),
| is the current (Ampere) and R is the heater resistance (Ohm). Alternatively, a
reference chemical reaction with known heat release can be used.

By recording data on g vs. T, it is possible to obtain the total heat capacity from
the slope, qg= T, of this graph.
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Constant volume calorimeter: Chemical reaction: R ! P (pressure may change).
At constant volume ( V =0), there cannot be any PV -work. This means that:
P V=0 (2.153)

Eq. (2.102) states that:
U==Cy T (2.154)

when T is small (such that Cy is independent of T). Analogously to Egs. (2.147)
and (2.148) we have:

U(T) = Up= [Cy(P)+ Cy(Call(Tz2 Ti1)= Cyert (P) T (2.155)

U(T2) = Ur [Cv(R)+ Cy(Call(T2 Ti)= Cverr (R) T (2.156)

The molar quantity is given by:
U

rU = (2.157)

The dierence between H and (U is the PV-work. For an ideal gas this is

given by (N5 is the number of gaseous components, T  constant, vi = nj= ):
PV X

rH= U+ ( ) rU+ RT Vgii (2.158)

i=1
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where vg; is the stoichiometric coe cient for gaseous product i (solids and liquids
do not contribute).
Notes:

I In most experiments C(Cal) is large compared to C(R) or C(P), which
simply gives U= Cy(Cal) Tor H= Cp(Ca) T.

I Most chemists are interested in enthalpies because they describe best
chemical reactions in open vessels. Theoretical chemists, however, would be
more interested in internal energy because it is more directly related to the
energies of bond forming/breaking.

Example. If we pass a current of 10.0 A from a 12 V power supply for 300 s, what
is the amount of heat supplied?

Solution.  The amount of heat dissipated by the heater is given by q= Ult:

q=(10:0A) (12V) (300s)=3:6 104%=36kJ
=

Example. If 1.247 g of solid glucose is burned in an adiabatic bomb calorimeter
( U= 2801kJmol 1), the temperature rises 1.693 K. What is the e ective heat
capacity of the bomb calorimeter?
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Solution.  Since the volume is constant, we have:
U
U= Cy(Cal) T) Cy(Cal)= -

1 mol 2801 kJ
mo =(1:693 K) =11 44 kI K !
180:16 g 1 mol

Example.  Consider an adiabatic bomb calorimeter. When compounds change
their phase (e.g. from solid to gas or liquid to gas) during the reacti on, the e ective
volume of the calorimeter changes. Assuming that the resulting gas pro  ducts behave
according to the ideal gas law, what is the correction required for the change in H
due to PV -work?

Cy (Cal) = (1:247 g)

Solution.  If gaseous components are produced or consumed, the pressure inside
the calorimeter changes during the reaction. This causes U and H to deviate
from each other. This di erence can be approximately expressed as:

H= U+( PV)= U+( nRT) U+RT n

where we assume that the change in temperature is small. This correctio n is rather
small and typically less than 1 %.
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Several types of processes can be considered by calorimetric methods:

Solvation process:

HCI(g) +5H 20(l) ! HCI solvated by 5H ,O ( Hgg (298 K) = 63:47 kJ mol o)

Neutralization process: H-A+HO-B ! H,O+A +B*

For example, A could be Cl and B Na. When strong acid/base combinationi s neu-
tralized, the enthalpy di erence is approximately constant and indepen  dent of the
base/acid pair. The reason is that the main contribution to the entha  Ipy di erence

(heat of neutralization) originates from:

OH +H*™ ! H,Owhere ;H (298K)= 55:84 kJ mol *

When a dilute solution of weak acid/base is neutralized, the heat of neut ralization
is less than that of strong acid/base neutralization.

Example. Calculate the enthalpy of formation of H * and OH

Solution.  We use the known reactions to deduce the enthalpy of formation:
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H,O(l) =H*(ag)+OH (aq) +H =55:84 kJ mol 1

H2(g)+ 302(g) =H »0(l) ‘H = 285:83kJ mol
H2(g)+ 302(9) =H " (aq)+OH (aq) rH = 229:99 kJ mol 1

1

Note: Separate enthalpies of formation cannot be obtained for H * and OH , only
their sum. In most tablebooks, for H * the associated ;H has been assigned to

zero.




Chapter 3: Second and third laws of thermodynamics

\The entropy of the universe tends to a maximum."
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3.1 Entropy as a state function

The rst law of thermodynamics says only that the total energy is conser ved but
it does not provide any information as to whether the process can proceed sponta-
neously.

Example. Consider gas expanding into vacuum. In practice, we know that the gas
will ow from the high pressure chamber into the low pressure chamber.

Thermometer "

Gas expansion I

Valve

High
pressure Vacuum
gas

The rst law for this system only states that the total energy is conserved b ut says
nothing about which way the gas would ow.
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Example. In practice, we know that some chemical reaction proceed spontaneously
but some may require heat in order to proceed ( nonspontaneous process)

Question: How do we identify a spontaneous process?

From the previous examples, it is obvious that a ow of heat is invol ved in these
processes. Heat is, however, not a state function (i.e. dqis not an exact di erential).
This can be seen by inspecting Eq. (2.98):
@u @u
d = — dT + Pext + — dv 3.159
Crev aT | ext @v ; ( )
where we consider reversible heating and Pext = P. We will use Eq. (2.67) as the
test for exactness: @u @u
M= — and N =P+ — (3.160)
@T @V r
and the required partial derivatives are then (U is well behaving, i.e. derivatives
exist and are continuous):

em _ @ @u . @ oevu
@V . @ @’y . @T @V
eNn _ er . @ QU

@T @T y @T @V 1 y

(3.161)

Subtracting the two partial derivatives gives:
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@N @M @P
—_— —_— = — 3.162
@T y @V + QT ( )

Based on this dgrey would only be exact if % v = 0. This does not hold even for

ideal gases: % Vo % (from PV = nRT). Thus line integral of dgey depends

on the path and gy is not a state function of the system. Thus it is not useful to
consider heat as an indicator for a spontaneity of the process.

Recall that some times division of an inexact di erential by a suitable t  erm (inte-
grating factor) may result in exact di erential. In this case it turns o ut that division
by T (temperature) yields an exact di erential:

dgev _ (@U=@V .., P (@U=GNM
T |—&— | T {z T }
=M

=N

dv (3.163)

By taking the partial derivatives required in the exactness test and subtr  acting
(@M=@Y; from (@N=@), (denoted by ) we get:
1 @3 P 1 @u

= = = 3.164
T @y T2 T2 @V, (3.164)

At least for ideal gases = 0 since ( @U=@M = 0 (Joule's experiment) and
PV = nRT . Thus dgey =T is exact for ideal gases.
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The above expression for can be derived as follows. First calculate (

@N=@)W :
en @ P ., @ 1 @u
@T @T T @T T v+
-1 er P, @1 @U
T @t T2 @T T @V r

1 @p P

1
. P J— = +
T @Ty T2 T2 @V

Next we calculate ( @M=@ Y :

ev _ @ 1 au
@V @v T @T,
1 @ @u _1 @ @u

T @v @Ty ; T @T @V
Subtracting the rst expression from the second gives the di erence

_1er P o1 au

T @y T2 T2 @V,
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It will turn out that the  dgey =T is the quantity that we are looking for (entropy).

It is a useful quantity because it is a state function of the system (no pat h depen-
dency). Note that we have only shown this to hold for ideal gases, a mor e detailed
consideration will be given later.

Example. Show that the values of the line integral for dgey =T are identical along
the following paths (monoatomic ideal gas, reversible processes, n = 1):

Closed path 1:

Segment A: (T1, P1, V1) { ( T1, P2, V) isothermal
Segment B: (T1, P1, V1) { ( T2, P3, V2) adiabatic
Segment C: (T2, P3, V2) { ( T1, P2, V2) constant volume

Closed path 2:

Segment A: (T1, P1, V1) { ( T1, P2, V) isothermal
Segment D: (T1, P1, V1) { ( T3, P1, V2) constant pressure
Segment E: (T3, P1, V2) { ( T1, P2, V2) constant volume

T, Py V; T,P,V, I PV
1) 0 EE U]
D
T - E
S T, P,V, T, P,V
T, P,V, ! v :
v %

Closed path #1 Closed path #2
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Solution.  Calculate dgrev =T along each segment. And sum the contributions from
each segment.

Path 1. (\contribution from A + B + C = 0")

Segment A: The temperature is constant along this path. For an ideal gas, the
internal energy depends only on the temperature (Eq. (2.117)) and th  erefore dU =
0. Hence along this path (Eq. (2.64)): dgey = dw = PdV = (RT=V)dV.
Division of both sides by T and integration gives:

A1 X1
dgrev - R dv = RIn ﬁ
T \% 2

92 Vo

S=

Segment B: Since the change is adiabatic, dgey = O and the corresponding line
integral over dgrey =T is zero as well.

Segment C: Because volume is constant (\constant volume process"), dwrey = 0.
The rst law (Egs. (2.64) and (2.100)) now states that dgey = dU = CydT.
Division by T and integration along the segment gives:

Z1 Z1
T T
= CivdT = CV di = CV In 21
T T T2

A2
- dorev

T
q3 T2 T2

S

Note that Cy is independent of temperature (ideal gas; Eq. (2.119)).
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Summing along the path B + C gives just Cy In(T1=T2) and the contribution along
Ais RIn(V2=Vy). Thus we have (using Eqg. (2.128)):
Vo

ds = =CylIn — RIn — =0
T T2 \A

Note that an alternative form for Eq. (2.128) is (considering now  segment B):

T _ V2 R=Cv

T2 Vi

Path 2. (\contribution from D + E + A = 0")
Segment A: The same as in the previous path.

Segment D: At constant pressure dgey =T = dH=T (Eq. (2.109)). According to Eq.
(2.112), dH=T = ( Cp =T)dT. Integration of the expression from T; to T3 gives (Cp
is constant for ideal gases; Eq. (2.120)):

Z3 Z3
d C T
= e o Pyr-ceim 2
T T T1
q1 T1

S
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Segment E: At constant volume, dw = 0. The rst law of thermodynamics then
gives (Egs. (2.64) and (2.100)):

.y 2 qu T
S= Lrev - — = V4T = Cy In 2 (constant Cy assumed)
T T T T3
a3 Us T3

d T T \Y
ds = ﬂszln 3 + Cy In L RIn 2
T T1 T3 V1
T V.
=l =2 fcp cv; Rin 2
T]_ _{Z_ V]_
=R (Egs. (2.119, 2.120))
T V.
=R n -2 n 2
T1 Vi

In order to proceed, we note that the pressure at the end points of segment D is
constant. By using the ideal gas law for both end points, we get:

T3 _ V2

T Wi

Thus the logarithm terms cancel and the integral is zero.
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3.2 The second law of thermodynamics

De nition of entropy ( S):

ds = d% (3.165)
z
s= d% (3.166)
Rudolph Clausius,
Integration of entropy over closed loops yield zero be- German physicist and
causedsS is an exact di erential (S is a state function): mathematician (1822 -
| | 1888)
@ = ds=0 (3.167)

In general, we have the foIIowinP inequality (i.e. de] reversible or irreversible):

0 = dS = dehev dq

— 3.168
T T ( )

The inequality can also be written in di erential form:
ds i—q (3.169)

For an isolated system, the inequality simpli es to:
ds o0 (3.170)
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The idea behind Clausius inequality (3.170) can be understood by consi dering the
following example:

Heat transfer, dgq

dS,=-dq/T, —> ds;=dq/T,
Hot object Cold object
atT, T,>T. atT,
1 1
dS = dS¢ + dSy, = dg - — 0 (3.171)
Tec Th

Thus we conclude that in presence of spontaneous (irreversible) processes we ha ve
dS > 0. At thermal equilibrium we would have Ty = T¢ and dS = 0. We will return
to justi cation of Eq. (3.169) later (non-isolated system).
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The second law of thermodynamics consists of two statements:
1. There is a state function called the entropy S that can be calculated from
ds = dqrev =T.
2. The change in entropy in any process is given by dS dg=T, where the '>"
sign applies to a spontaneous (irreversible; dg;, ) process and the equality
for a reversible process (dg, ). In order to calculate S, one must use a
reversible process.

Justi cation for the Clausis inequality — dS ‘?‘r—q (Eq. (3.169)):

1. If the process is reversible then by de nition dS = @

2. If the process is irreversible, we need to show that dS > dq“% Consider
only PV-work and then the 1st law is dU = dgq Pex dV. For a reversible
process this gives: dU = dg,,, PdV and for an irreversible process:
dU = déey Pext dV. Since dU is exact, the previous dU's must be equal
(consider integration over short paths): dge, PdV = dg ey Pext dV.
Rearranging gives: dge, ey = (P Pext )dV. If P Pext > 0 the
system will expand spontaneously and dV > 0. If P Pext < 0 the system
will contract spontaneously and dV < 0. In both cases dg,, €€y > 0.
Dividing boths sides by T gives $er.  %uwev > 0. By using the de nition

of entropy (Eq. (3.165)) we get: dS > Hiner
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Another way to state the 2nd law of thermodynamics: \The entropy incr eases in
a spontaneous process in an isolated system". The entropy increases as long as
spontaneous processes proceed. When the system does not change any more, the
entropy will have its maximum value and we have dS = 0. The entropy change tells

us whether a process or chemical reaction can occur spontaneou sly in an isolated

system. Consider an isolated system (consisting of system and surroundings):

“World”
System (at Tsyst ) and surroundings (at Tsurr ):

Surroundings

dStotal = dSsyst + dSsurr
dootal = dOsyst +dOsurr =0 ) dosyst =  dOsurr

The total entropy cannot decrease: dSiotas = dSsyst + dSsurr 0 (Eq. (3.170)).

For the system we have: dSsyst = dq=Tsyst and for the surroundings: dSsur =
dq=Tsurr . Therefore we have:

dg

TSLJI’I’

dSsyst (3.172)
Note: The equal sign case only applies for reversible processes in Eq. (3.172). Th e
equal sign would also then apply in dSiptai = dSsyst + dSsur = O (reversible
process).
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Based on changes in entropy, we can identify three di erent cases:

(1) dS > dg=T spontaneous (irreversible) process (3.173)
(2) dS = dg=T reversible process (\nearly equlibrium™)
(3) dS < dg=T impossible process (\forced process")

For an isolated system ( dg = 0), we have:

(1) dS > 0 spontaneous (irreversible) process (3.174)
(2) dS =0 reversible process (\nearly equilibrium™)
(3) dS < 0 impossible process (\forced process")

Because S is a state function, it can be integrated between any two states of the
system:

22
ds

S a1

A2
= dQI'EV

T-% Si1= S (3.175)

The integration path in Eq. (3.175) must be reversible. This equatio n can be
applied to irreversible processes only if a path consisting of reversible segmen ts,
can be constructed. Note that there is no entropy change for a reversible adiabatic
process.
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Example. Is the expansion of a monoatomic ideal gas into a larger volume ther -
modynamically spontaneous? More speci cally, consider reversible and isot hermal
expansion of an isolated ideal gas (n = 1 mol) initially at 298 K into a volume that

is twice as large as its initial volume.

Solution.  Recall from Eq. (2.85) that the reversible work done is ( n =1 mol):

X2 X2 X2
nRT V2
Wrey = Pext dV = Pdv = ——dV = nRTIn —= = RTIn@2)
Y, Vi
Vi Vi Vi

The internal energy of a monoatomic ideal gas does not depend on volum e (Eq.
(2.117)). Thus we have U = qeev + Wrey = 0 and further Grey = Wrev =

RT In(2). Eq. (3.166) with constant T states that S = e = RIn(2) > 0 where
we used the fact that V, = 2 Vj. Because the entropy change is positive, the

change is spontaneous (as we already knew in practice). For the reverse p rocess we
would have S < 0, which means that it does not happen (unless forced).
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Note: The previous problem has nothing to do with minimizing the energy,  which is
constant during the process. The process is purely entropy driven and is rel ated to
decrease in \order" at larger volume. By order we mean the arrangement of at oms
or molecules. For example, Sgas > Siiquid > S solid -

Example. Calculate the entropy change when argon at 25 C and 1.00 atm in a
container of volume 500 cm 3 is allowed to expand to 1000 cm 3. Assume that argon
behaves according to the ideal gas law.

Solution.  From the ideal gas law we can calculate the amount of substance:
PV
n= —— =0:0204 mol
RT

In previous example we had n = 1. If the same calculation is carried out with  n in
place, we have:

v
S=nRln Vz = nRIN@R)=0:118 3K 1!
1
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3.3 Entropy changes in reversible processes

Consider a constant temperature ( T) and pressure (P) process. Now we can apply
both Egs. (2.109)) and (3.175), respectively:

H=ge and S= quev (3.176)

Examples of constant T and P processes are: vaporization of pure liquid into its
vapor at the equilibrium vapor pressure ( P), sublimation, and structural transitions
in solids.

Example. What is the change in molar entropy of n-hexane when it is vaporized
at its boiling point (68.7  C) under atmospheric pressure (1.01325 bar)? The molar
enthalpy of vaporization is 28850 J mol 1.

Solution. If n-hexane is vaporized into the saturated vapor at the given tem-

perature, the process is reversible and the molar entropy change is giv en by Eq.

(3.176):

28850 J mol !
341:8 K

H
s= —= =84:41JK ‘mol !

Other useful special cases:

Constant V: Using Eq. (2.100) we have:
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ds = 98y _ CvdT (3.177)
T T
Integration of dS gives:
Z2
C T
s= 4T cyln 2 (3.178)
T T1
T1
Constant P: Using Eqg. (2.112) we get:
T
ds = v _ Crd (3.179)
T T
Z2
s= SPar com 2 (3.180)
T T1
T1

Constant T and ideal gas: Following our previous ideal gas calculation, we have:

ds = Mev _ OWev _ PV (3.181)
T T T
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In terms of standard pressure and entropy (also molar quantities), the  previous
expression can be written as:

P
S=S Rin P (=1 bar standard pressure) (3.182)

Example. Calculate the entropy change when argon gas at 25 C and 1.00 atm in
container of volume 500 cm 2 is allowed to expand to 1000 cm 3 and is simultaneously
heated to 100 C. Assume that argon behaves according to the ideal gas law.

Solution.  The rst part of the process was already considered in a previous ex-
ample. The entropy change ( S) due to volume change was 0.118 J K 1. In the
second step the gas is heated from 298 K to 373 K at constant volume (Eqg. (3 .178)):

T J 373K
S=nCy In 2 = (0:0204 mol)  12:48 In ==— =0:057JK !
T1 K mol 298 K

where Cy was calculated from the relation Cp Cy = R. The value of Cp can be
found from the NIST chemistry webbook. Note the handling of the p  rocess in two
steps. The total change in entropy is the sum of the two: S=0:175JK 1.

Note: BecauseS is a state function ( dS exact), we can choose any convenient path
for integration. In this case it was chosen as: (1) volume change and then (2)
temperature change.
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Example. Half a mole of an ideal gas expands isothermally and reversibly at
298.15 K from a volume of 10 L to a volume of 20 L. (a) What is the ¢ hange in
the entropy of the gas? (b) How much work is done on the gas? (c) How m uch
heat is transferred to the surroundings ( dsurr )? (d) What is the change in the
entropy of the surroundings? (e) What is the change in the total ent ropy (system
+ surroundings)?

Solution. (a) Use Eg. (3.181):

V:
S=nRIn V—Z =(:5mol) 83145JK 'mol ! In@2)=2:88JIK ?

1
In part (b) we use Eq. (2.63) and note that T is constant:

U= Wy + Gev =0 ) Wrev = Crev

Now Eg. (3.166) gives:

Crev
S= =T S
T ) Crev

and further:

V.
Wey = T S= nRTIn 72 = 288JK ! (298:15K)= 859J

1
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To solve (c), we need Qsyst = 859 J as calculated above. The total entropy is

conserved ( Stt = 0) in a reversible process and thus we have  Ssyst = Ssurr

and T Ssys = T Ssur . Using Eq. (3.166) we have Osyst = Gsurr and hence

Osurr = 859 J.

In (d), juse like in (c), the total entropy is conserved and hence Ssur = Ssyst =
2:88 JK

In (e), the total entropy is conserved: Stot = 0. The system and its environment

together can be considered as an isolated system. Also note that the process is
reversible.

Example. Consider that the expansion in the preceding example occurs irreversibly
by simply opening a stopcock and allowing the gas to rush into an evacu ated bulb
of 10 L volume. (a) What is the change in the entropy of the gas? (b) How much
work is done on the gas? (c) Whatis gsurr ? (d) What is the change in the entropy
of the surroundings? (e) What is the change in the entropy of the syst em plus the
surroundings?

Solution. (a) The change in entropy is the same as in the previous example.
Entropy is a state function ( dS exact) and hence its value does not depend on path.
(b) Expansion into vacuum does not involve PV -work.

(c) Since no work is involved, no changes in heat are involved (the r st law).

(d) No heat exchange with the surroundings, thus the entropy of the  surroundings
does not change.

() Stot = Ssyst + Ssur =288JK '+0JK !'=288J3K ! Since
the process is irreversible, we expect that the total entropy would increase  (Eg.
(3.172)).



127

Summary: Calculation of S for various changes in state
In general, we have to nd a reversible path in order to apply Eq. (3.1  66):
z d
S = Crev
T

Because S is a state function, the entropy change would then apply for all pa ths
(also for irreversible paths) that have the same initial and nal sta  tes. Note that
dgrev is only de ned for reversible paths.

Speci c cases for one mole of substance:

Constant V:  substance(T1, V) $ substance(T,, V)
R
S= S4dT (Eq. (3.178))

T1
If the constant-volume heat capacity Cy is independent of T:
S=cyhn Iz

T1
Constant P:  substance(Ty1, P) $ substance(Tz, P)

—RZCPdTE 1
S= =&dT (Eq. (3.180)

T1
If the constant-pressure heat capacity Cp is independent of T:
S=Cpln &



Phase change at constant T and P:

solid(T, P) $ liquid( T, P)
liquid( T, P) $ gas(T, P)
solid(T, P) $ gas(T, P)
s= -1 (Eq. (3.176))
where H is the heat of vaporization,
sublimation or fusion (crystallization).

Ideal gas at constant T: ideal gas(P1, V1, T) $ ideal gas(P2, V2, T)

V2

1

S=Rin

Remember the correct sign for ~ S:

P2

(Eq. (3.181))

S > 0 when the volume increases.

Mixing of two ideal gas systems at constant T and P:

na A(T,P)+ ng B(T, P)= n mixture( T, P)

Here n = na + ng. The entropy change due to mixing is given by:

S =

na ng

NR (ya In(ya) + ys In(ys)) where yp = yB =

na + nNg na + nNg

Note that the entropy change is always positive (see Eq. (3.186))

128
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Example. Calculate the change in entropy of an ideal monatomic gas B in cha nging
from (P1;T1) to (P2;T2).

Solution.  First we have to de ne a reversible path, for which we know how to
calculate the entropy change (each segment carried out reversibly):

B(T1, P1) ! B(T2, P1) ! B(T2, P2)

This path has two segments (one where temperature changes and another where
pressure changes). For the rst step we have:

Z2

dT T2 T2
S=C —=CpIn —= =nCpIn —
P T P T P T
T1
For the second step:
P
S= nRIn -2
P1
By combining the two:
(G )
T, 572 P, 5
S=nR In — In — note that Cp = =R
T P, P=3R)
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Example. Use the result of the previous example to calculate the molar entropy
change in the following process:

He (298 K, 1 bar) ! He (100 K, 10 bar)

Solution.  Substitute the values to the equation in the previous examples:

5 T P 5 100 K 10b
S=2RIn -2 RIh -2 =2 =% R A~ 4184
2 T1 Py 2 298 K 1 bar K mol

Example. The molar constant-pressure heat capacity of a certain solid at 10 K is
0.43JK 1 mol 1. Whatis the molar entropy at that temperature? Assume that
the constant-pressure heat capacity varies as aT 2 where a is a constant.

Solution.  Calculate the entropy di erence between 0 K and temperature  T:

z C z aTs z a C
S = S(T) S(0)= ?PdT = dT=a T2dT = 5T3 = TP (Cp = aT?)
0 0 0

) S(T)= S(0)+ %’) S(T)= S(0)+0:14JK * mol 1
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3.4 Entropy changes in irreversible processes

To obtain the change in entropy in an irreversible process we ha ve to calculate S
along a reversible path between the initial state and the nal stat e.

Example. Calculate the entropy change when supercooled waterat 10 C freezes.

Solution.  The process is clearly irreversible because you can not simply carry it out
slowly. Any attempt to unfreeze the liquid would require, for example, an increase
in temperature. This would correspond to another choice of path.

Because the process is irreversible, we have to nd another path that consists of
reversible segments:

Reversible path (#1) with three segments

Vv
H,0(,0°C) pf——— \HZO(S, 0°C)
_ MRS A AS=AHIT - M C,
AS= [ Zagr A= [ =dr
263K V 73K
H,0(, -10 °C) A—> H,O(s, -10 °C)

Irreversible path (#2)|

H= 6004Jmol 1 Cjg =75:3JK I mol %, Cice =36:8JK 1 mol I
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The system entropy is obtained as a sum over the three segments (the heat capa cities
correspond to constant-pressure values; Cp):

273 K c H 268 K c
Ssyst = %dT tot 4T = 753JK mol ! (3.183)
263 K 273 K
273 K 6004 J mol 1 263 K
In + + 368JK mol ! In =——
263 K 273K 273K

= 2054JK mol !

According to the statistical interpretation of thermodynamics, the decr ease in en-
tropy here corresponds to increased order in ice (i.e., molecules are more ri gid in
the solid material than in the liquid).

Example. What is the change in entropy of the surroundings (the glass bott le plus
a large heat bath at 10 C) in the previous example? What happens to the total
entropy?

Solution.  The process is (the gray area is the heat bath):

i i

H,0() H,0(s)

Heat reservoir Heat reservoir
at-10°C
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Because the surroundings (bottle plus bath) are large, their temperat ure does not
change remarkably during the heat transfer from the system. Heat tran sfer by an
in nitely small amount at constant temperature from the system to the su rroundings
is a reversible process (i.e. it can be done the other way around as well). Thus,
for the surroundings, a reversible path is the direct path (#2 in previ  ous diagram):
H,O (I, 10 C)! H2O (s, 10 C).

We use the Eq. (3.176) to calculate the change in the entropy for th e surroundings:

Osurr  _  Osys _ H 263 Kk

S = =
surr T T T

where we have to calculate the heat of fusion at 263 K for the system. Int he
previous example it was given at 273 K. To do this, we use the same idea a s in the

Eq. (2.140):

2B K 263 K
H2ez k = CiqdT + Hamzk + Cice dT
263 K 273 K
=Cjqg T+ Hoaasxk | Ci?‘2 Ez 75:3JK mol ' (10 K)
limits!

6004 Jmol ' 368JK 'mol ' (10K)= 5619Jmol !
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Now we can calculate the entropy change (Eq. (3.176)):

5619 J mol 1
Seur = ————— =21:37JK mol !
263 K

The total entropy change (system + surroundings) is the the sum of the  two:

Stotal = Ssyst + Ssur =  20:54JK lmol ! + 21:37 JK lmol !

=0:83JK 'mol '>0
Notes:
I The total change is positive, indicating a spontaneous (irreversibl ) process.
This is in line with Eq. (3.173).

I The non-zero S arises from the di erences in reversible paths (#1 and #2)
for the system and the bath. For the system (water/ice) the path #1 is
reversible and for the bath path #2 is reversible. Only reversible paths  can
be used in calculating entropies. Along path #2 the temperature is consta  nt.

Trouton's rule: A wide range of liquids have approximately the same entropy of
vaporization ( ca. 85 JK 1 mol 1). This is an empirical result.
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3.5 Entropy of mixing ideal gases

Consider mixing of two species of ideal gas:

Initial state Final state

Mixing

P. T,V 0, P.T,V,n, > P.T,V,+ V40,

Wall

If the wall is just removed, we have clearly an irreversible process. However , in
order to calculate change in entropy, we need a reversible path ( V = Vi + V3):

1. Isothermal reversible expansion of each gas to the nal volume V.
2. Reversible mixing of gases at constant volume V.
Segment 1 is understandable, but how can we carry out segment 2 reversibly?

Consider step 2 rst (i.e. both gases have been already expanded to V):
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Initial state
! Permeable membranes overlap. The non-
Gas 1 | Gas2 permeable membrane is all the way to the
| right.
I
v
T The non-permeable membrane is moved to-
| gy £ wards the left end. At the same time the \Gas
Gas 1, %2 icas 2 3 1" permeable membrane is moved towards the
I O~ = left end. The \Gas 2" permeable membrane is
> kept at the center.
I The \Gas 1" permeable membrane is nally
Gases moved all the way to the left. The non-
I tand2 j| Vaouum permeable membrane has been moved to the
1 center. \Gas 2" and non-permeable mem-
— branes are on top of each other.
Final state
Dashed line = Membrane permeable to \Gas 1" This process is reversible.
Dotted line = Membrane permeable to \Gas 2" It can proceed in both

Continuous line = Non-permeable membrane directions.
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Is there any PV -work involved in (frictionless) movement of the membranes?

No, consider the following gure:

P, P,+P, P,

v

Gas 1

<+
4—

Gas 2|

Gases
1and 2
Vacuum

W_/l

Two membranes
move together

When the two membranes move to the left, there are equal pressures on both sides:
Gas 1 (P1) + Gas 2 ( P2) and Gases 1 and 2 (P1 + P2). Both pressure and volume
are constant during the process and hence no work is done: w =0.
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Since we are dealing with ideal gases at constant temperature, the chang e in internal
energy ( U) is zero. Recall that for ideal gases the internal energy depends only on

temperature (see Eq. (2.117)). Now the rst law of thermodynamics ( U=g+w)
yields g= w =0 (w = 0 from the previous page). No changes in heat also means
that there is no change in entropy and hence, for this segment, S=0.

We still need to consider the rst segment (step 1). Now Eq. (3.181) can be app lied:

Vi1 na
Forgas1: S1= niRIn — = niRIn ——— = njRIn 3.184
g 1 1 v 1 o 1RIn(y1) ( )
Forgas2: Sz = n2RIn Voo n2R In n2 = n2RIn(y2) (3.185)
[¢] . 2 = 2 v 2 nL+ ng = 2 y2 .

The total change in entropy due to mixing is given as a sum:
Smixing = NiRIN(y1) nz2RIn(y2) (3.186)

or, in general:

Ws
Smixing = R niIn(yi)> 0 (3.187)
i=1
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3.6 Entropy and statistical probability

Consider again Joule's experiment (both bulbs with equal volume):

Gas expansion

\Valve

High
pressure  Vacuum
gas

With just one gas molecule, after opening the stopcock, the molecule can b e in
either bulb. Thus the number of equally probable arrangements is 2.  With two gas
molecules, they can be located both on the left, one on each side (two possibi lities)
and both on the right. This gives 4 equally probable arrangements.

For n molecules
the number of equally probable arrangements is:

# of molecules  Number of possible arrangements

2 2 =4
3 23=8
4 24 =16

n 2 = exp(n(2 "))
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For one mole of molecules, N = 6:022 10% (n = 1). The number of equally
probably arrangements is:

26:022 108 _ 4:174 10% (3.188)

Boltzmann's postulate: S = kin() (3.189)

where k is Boltzmann's constant (= R Na) and is the number of equally
probable microscopic arrangements for the system. The numerical value for k is
1:38066 10 23 J K 1. For changes in entropy the equation has the form:

0

s=8% s=kIn — (3.190)

Consider now the Joule's experiment. In the initial state all molecules  are in the
left bulb and there is only one possible arrangement, = 1. After openi  ng the
valve and reaching the equilibrium the number of possible arrangm ents is given by
Eq. (3.188):

0= 4174 10% (ol state) and = 1 (initial state)

0
S=kln — = 1381 10 ¥JK 1! 4174 102 =576 JK !

This is positive because entropy increases when volume increases. Note that i f we
chose two di erent volumes for the bulbs, then / Viand 9/ V, and we would

recover the In % form that we found earlier.
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If we compare this result with the one we calculated earlier (\expansion  of ideal
gas"), we note that they are identical (earlier we obtained R In(2) 5:76). This
gives strong support for Boltzmann's postulate (but does not prove t hat it is cor-
rect).

Because of Eq. (3.169), S ¢=T, the entropy is a measure of heat ow between
the system and the surroundings. When heat is absorbed by the system from
its surroundings, q is positive, and the entropy of the system increases. On the
microscopic scale, the entropy is a measure of the dispersal of energy among t he
possible microstates of molecules in a system (\degrees of freedom").

Notes:
I Since thermodynamics is a statistical theory, it works only when we ha ve a
large number of atoms/molecules.
I Some processes happen spontaneously even though they do not reduce the

energy of a system. They are driven purely by favorable change in entrop y!
From the statistical point of view, it means that states with most degrees of

freedom are favored.
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3.7 General expression for evaluating entropy

The entropy of a substance at any desired temperature relative to its entr opy at

absolute zero may be obtained by integrating dqg=T from absolute zero to the desired
temperature:

dT (3.191)

Zo zZ
Hius + Cp (I)dT+ Hyap + Cp (9)
T

T Tm T Tp
0K Tm Th

where Ty, is the melting temperature and Ty, is the boiling temperature. If tem-
perature T is smaller than Ty or Ty, the corresponding terms are omitted. The
enthalpies have the following notation:  fus (fusion; crystallization/melting) and
vap (vaporization). Note that all the heat capacities in this expression d epend on
temperature:

100~ Liquid

sl

Heat capacity of sulfur

2 P

7 6oF Solid P " !

G ] dioxide at a constant
pressure of 1 bar.

S0 100 150 200 250 3
TK
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Entropy of sulfur dioxide at di erent temperatures (  Tm = 197:64 K, T, = 263.08
K, Hps =74023mol 1, Hyap =24937 Jmol 1)

T (K) Method of calculation S UK 1mol 1)
0{15 Debye function ( Cp / T3) 1.26

15 { 197.64 Graphical, solid 84.18

197.64 Fusion, Hifys =Tm 37.45

197.64 { 263.08  Graphical, liquid 24.94

263.08 Vaporization,  Hyap =Tp 94.79

263.08 { 298.15 From Cp of gas 5.23

S (298:15K) S (OK)= 247.85



3.8 Third law of thermodynamics

The third law, for all molecules:
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im S=0 (3.192)
TH o Walther Nernst, Theodore W. Richards,
. . German chemist American chemist
Planck's contribution, for any pure substance: (1864 - 1041) (1868 - 1928)
lim S=0 (3.193)
TIo
Consider a simple phase change in Eq. (3.192):
Max Planck,
Sulfur(rhombic crystal) $ Sulfur(monoclinic cryst B C

Experimental determination of
heat capacities and Eq. (3.191)
show that:

rS 0

S(T) - S(64 K) (3 K mol™)

On the right: experimentally
determined entropies for the

two crystal forms of sulfur are 055 100" 150 E

shown.
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Experimental details for the phase change in solid sulfur:

I Rhombic form of sulfur is the stable form below the phase transitio n
temperature (368.5 K).

I Monoclinic sulfur can exist below this temperature when supercooled.

Experimental methods for determining ¢ S:

Method 1: Determine constant-pressure heat capacities ( Cp (T)) for both forms of
the crystal structures. Use Eq. (3.191):

rho rho C';ho
Ssegsk Sok = T aT (3.194)
0K
ES K o
SEl SO = =g
0K

If we assume that both rhombic and monoclinic forms have the same S ¢k then
subtraction of the equations from each other gives the entropy dieren ce between
the two forms at 368.5 K. The result from such calculation gives S(rho, mon) at
368.5 K, which is 1.09 J K 1 mol 1.
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Method 2: Determine heats of combustion for both crystal forms at 368.5 K and
calculate the enthalpy di erence between the two forms by subtracting th e two
values from each other. Then use Eq. (3.176):
H 401 Jmol !
S(thomon)= — = ——— =1:09JK !mol ? (3.195)
T 3685 K
Both methods give consistent results. Note that we used the fact that both sp  ecies
had identical entropies at 0 K. Statistical thermodynamics says that t  his value
should be zero.

Notes:

1. What is supercooling? A liquid below its melting point will crystall ize in
presence of a seed crystal or nucleus around which a crystal structure can
form. However, lacking any such nucleus, the liquid phase can be
maintained all the way down to the temperature at which crystal
homogeneous nucleation occurs. For example, pure water can be cooled to
almost 231 K (melting point 273 K) when cooled very fast, about at rate 1
million K / second. Rain contains sometimes supercooled water, which
freezes immediately upon touching a surface.

2. Cp goes to zero when temperature approaches 0 K.
3. According to the third law of thermodynamics, it is impossible to reac  h 0 K.



Other methods for determining entropy:
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I Measurement of equilibrium constant for a chemical reaction over a range o  f
temperatures yields both  H and S .

| Spectrophotometric measurements

Violations of the third law?

In most cases theory and experiment agree (298.15 K and 1 bar; gas):

Gas S (Calc)/IJK Tmol ' S (Exp)/JK lmol 1
CO» 213.8 213.7

NH3 192.8 192.6

NO2 240.1 240.2

CH4 186.3 186.3

CoHy  200.9 200.9

CoHs 2196 219.6

CoHe 229.6 229.6

N,O  215.1 2199 (=4 8)

cCO 1935 197.7 (=4 :2)

This suggests that there is some kind of residual entropy in the system? Wh en
comparing values obtained using heat capacities and spectroscopic data, si milar

discrepancies can be noticed.
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For both CO and N 20, the residual entropy can be explained by imperfect crystal
structures at 0 K, which results in approximately a constant o set at eleva ted
temperatures as well (see previous table). Crystal imperfections contrib  ute to the
total entropy and hence it does not appraoch zero even at 0 K. Consider the  following
molecular arrangements in solid N O:

;2 NNO ONN NNO NNO ONN :::

In other words, the molecule can orient in many di erent ways in the cryst  al (O
0,0 N, N N). If we consider that N 2O gas would consist of two di erent
species NNO and ONN with equal amounts and calculate the entropy of mix ing
these two species, we get (Eq. (3.186) for per mole quantity, y1 =1=2;y, =1=2):

1 1 1 1
x S= niRIn n2R In = =RIn = —RIn = (3.196
mix 1RIn(y1) n2RIn(y2) > > > > ( )

=5:8JK !mol !
This is approximately the di erence between the experimental and calcula ted re-

sults. If we could prepare a \perfect" crystal somehow, this correction woul d not
be needed. For CO, one needs to consider two \di erent" molecules CO and OC.
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The following two sources of randomness in crystals at 0 K are not consid ered in
calculating the entropies for chemical purposes:

1.

Possible isotopic mixtures of species. This is ignored because both the
reactants and the products contain the same mixture isotopes.

Spin degeneracy at 0 K is ignored. Again the same degeneracy exists in both
the reactants and the products. Spin is conserved in chemical reactions.

Notes:

1.

The entropy of H * (at chemical equilibrium) in water has been arbitrarily
assigned the value of zero.

When comparing standard entropy values from various sources, it is
important to be aware of the standard pressure used.

In order to see why NNO vs. ONN (or CO vs. OC) con gurations result in
residual entropy, one should draw the crystal structure and look atth e
possible orientations there.

H20O is another system that has signi cant amount of residual entropy.
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3.9 Heat engines

Heat engine is an engine that uses heat to generate mechanical work:

Heat |q,| enters the system

q,>0
Work done on the surroundings

Engine

Work |w|

working
fluid

w<0

Heat |q,| leaves the systeml @, < 0

Heat reservoir at

low temperature T, System:

Piston & cylinder

Carnot heat engine:
Isothermal expansion
Adiabatic expansion
Isothermal compression
Adiabatic compression

AW
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Consider the PV plot of the Carnot heat engine (the four cycles are denoted by
A, B, C, D, all processes are reversible):

1 A

[

2. B!

I

3. C!

I

|

Carnot cycle |
|

4. D!

B:

Heat q is transferred from the high-temperature (isothermal at
temperature  T1) reservoir to the cylinder

Isothermal expansion of the gas pushes the piston towards la rger
cylinder volume
The moving piston does work on the surroundings ( w1)

Up = g + wyp

C:
Adiabatic expansion of the gas
The expansion continues until temperature of the gas drops fr om
Ty to Tp
During this stage the piston does work on the surroundings ( w2)
Us = wp

D:
Isothermal compression of the gas
The surroundings does work on the piston ( w3g)
Heat ows out to the low-temperature reservoir ( q2)
Uz =gz + w3

A:
Adiabatic compression of the gas
The surroundings do work on the piston ( Wg)
No heat exchange
A steam engine with two stages
Ug = wy
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Because the internal energy of the system is a state function, the total cha nge in
internal energy over a closed path must bf zero:

0
e

Ucycle = @ A +(I W1+ Wa W3+ Wa) (3.197)
| 4 } W::ycle )
Aeycle
) Weycle = Oeycle = Gin + Qout (3.198)
) Weycle = jGinj j Gout] (din > 0 and gout < 0) (3.199)

In order to nd out the e ciency of the heat engine, we de ne the e ciency pa-
rameter

V\.’cycl(.e _ jGin J j goutj =1 JQOutJ (3.200)
1Gin ] 1Gin ] 1Gin ]

Note that 0 < < 1 and larger value of correspond to better e ciency.

Next we apply the concept of entropy to simplify Eq. (3.200). Because the  overall
cycle is reversible, the total entropy change over the closed cycle is zero. On ly
two segments along the path deal with heat exchange ( A-B and C-D). For these
segments Eq. (3.166) gives (Ti, and Tout correspond to T1 and T, respectively):

iGnj  iGout] iGin j j%ut ]
S = —— =0 —_— = — 3.201
cycle T T. ) T T. ( )
=1 T—c (3.202)

Th
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Thus the ratio of T.=Ty must be made as small as possible to achieve high e ciency.
Typically T¢ would be room temperature, and therefore Ty, should simply be made
as high as possible.



Chapter 4: Fundamental equations of thermodynamics

\Legendre transformation allows de nition of useful thermodyna mic potentials:
Helmholtz and Gibbs potentials"
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4.1 Fundamental equation for the internal energy

Let's rst recall what we have learned so far:

The rst law of thermodynamics (Eq. (2.64)): dU = dg+ dw
The second law of thermodynamics (Eq. (3.169)): dS *’Tﬁ

Consider a closed system with only reversible PV -work: dw = PdV and dS = ‘1—‘*
Combining this with the 1st and 2nd laws gives: dU = TdS PdV.

When chemical potential is included above, we get the gener-
alized form for dU:

Ns
du=TdS PdV + idn; (4.203)
-
| —z—}
\chemical work” 3. Willard Gibbs
where N is the number of chemical species,  is the chemical American physicist

potential and n; is the amount of substance of species i. (1839 - 1903)
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Note that U depends on variables S;V and fnjg. These variables are called the
natural variables of U. The total dierential of U can be written as (cf. Eg.
(1.45)):

¥s
ey gs+ @Y av + eu

dni  (4.204)
@S vitnig @V sitnig iz1 @0 swvitn g

du =

If this is compared with Eq. (4.203), we can see that partial derivat ives in front of
dS, dV and dn; must be equalto T, P and |, respectively:

1. @u . @U . _ @u

@S V;fnig’ @V S;fnig’

Thus if we know the partial derivatives of the internal energy with respectto S, V
and n;, we can calculate T, P and ; using Eq. (4.205).

(4.205)

@n SV;fnjgje;i

If we allow the process to be irreversible, we have to consider the inequal ity in the
second law and keep in mind that the pressure now is really Peyt :
Ws
dU TdS Pex dV + idn; (4.206)
i=1

If the entropy, volume and amounts of substance are constant, we hav e:
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(dU)sv:tng O (4.207)

This is the criterion for spontaneous change and equilibrium at con stant S, V and
n;. At equilibrium, U(S;V;fn;g) must be at minimum (i.e., dU =0).
If T, P,and ; are constant, Eq. (4.203) can be integrated:

Ws

Uu=TS PV + inj (4.208)

i=1
Note: It is not convenient to use S and V as variables because they cannot be easily
controlled during chemical processes.
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4.2 De nitions of additional thermodynamic potentials
using Legendre transformations

What is Legendre transformation?  Consider the following di erential:

@f(x;y) dx + @f(x;y)
@x @y

Change the di erentials from ( dx,dy) to ( du,dy) with the following transformation:

d(xy)= dy u(xy)dx + v(xy)dy

g f ux
dg=d udx xdu = udx + vdy wudx xdu = vdy xdu

where x = g—g and v = %}. X and u are conjugate
variables.
In a nutshell:

\Transform the original di erential in such a way
that the new di erential depends on the conjugate Adrien-Marie Legendre,
variables" French mathematician
(1752 - 1833)




Next, we will apply Legendre transformation to internal energy (ign

potential for now):
WA T h T

\f * \dx " \v" \dy"
i =i (LRt YRy
Vot VT g xe
0 1
ea %I{\f} f-&f}g = TdS+vdp
\dg" \v" \dy” \du"
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ore chemical

Now we have a new di erential (enthalpy) dH with new natural variables S and P.
Note that the original dierential dU had S and V as natural variables. Adding
chemical potential does not change this result since we were not operati ng on the

corresponding conjugate variables ( ; and n;):

Ws
dH = TdS+ VdP + idnj

Recall that the total di erential of H is:

s
= o as+ @ ap+ O

@S pin;g @P sinig iz1 @M pyvifnge;

(4.209)

dn;  (4.210)
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By comparing the terms the same way as we did for dU, we get the following
relations:

H H H
T = @ YV = Q ; = @
@s P;fnjg @P S;fnjg

Thus, if we can determine the partial derivatives of H with respect to S, P and
n;j, we can always obtain T, V and ; from Eq. (4.211). A system under constant
S, P, and n; combined with Eq. (4.209) and exactly the same reasoning as in Eq.
(4.207) gives:

(4.211)

@m SiP;fnjgje;

(dH)sp.tn,g O (4.212)
A process occurs spontaneously at constant S, P and f n; g if the enthalpy decreases.

Furthermore, integration of Eq. (4.209) under constant T, P and f ;g results in:

X
H=TsS+ ini (4.213)
i=1

Note that this yields Eqg. (4.208) when setting H = U+ PV.
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Previously we established that U and H are connected to each other via Legendre
transformation with conjugate variables V and P. It is easier to control pressure
than volume and therefore H is more convenient to use in practice.

How about the other conjugate variable pair ( T, S)?

Yes, it is more convenient to use temperature rather than entropy. Since ( V, P)
pair o ers two choices ( U and H) and (T, S) another two, we have a total of four
di erent possibilities:

Quantity Natural variables  Energy Di erential (*)

Internal energy U S;V;fnig U du=TdS PdVv
Enthalpy H S;P; fnjg H=U+PV dH=TdS+ VdP
Helmholtz energy A T;V;fnjg A=U TS dA = SdT PadVv
Gibbs energy G T;P;fnig G=H TS dG= SdT + VdP

(*) chemical potential should be added to each di erential. We are not considering
Legendre transformation with respect to n; and ;. The dierential can also be
derived from the given energy expression by considering the total di erenti  al.

The last form is most useful in chemical applications since T and P can be controlled
(i.e. they can be held constant).



Expressions for the Helmholtz \free energy" ( A):

Ns
dA = SdT PdV + idnj
i=1
A
s= @
@T Vifnjg
A
p= 9@
@V T;fn;g

@A
@m T;V;fnjgj@i
(dA)T;V;fnj gjsi 0
Ws

A= PV + in;
i=1

At constant T, a change in the Helmholtz energy is given by
gives the amount of internal energy that is \free" for doing work in a

process.

(4.214)

(4.215)

(4.216)

(4.217)

(4.218)

(4.219)
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Hermann von Helmholtz,
German physicist (1821 -
1894)

A= U T S.This
spontaneous

Note: Helmholtz energy is less useful in chemistry than the Gibbs energy because
processes and reactions are more often carried out at constant pressure rather than

constant volume.
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The corresponding expressions for the Gibbs energy ( G) are:

Ns
dG = SdT + VdP + idn;
7 (4.220)
s- @6 (4.221)
@T pitnig
@G
V= (4.222)
@P T;fnjg

@G
P = 4.223
@0 Tping ( )
(dG)1p.tn;g O (4.224)
Ws
G= inj(const. T;P; i) (4.225)

At constant T and P, a change in the Gibbs energy |s glven by: G= U+P V
T S. In another Words it gives the maximum amount of internal energy th  at is
available for doing non-expansion work in a spontaneous process.

The related Maxwell equations (di erentiation of the previous Egs.)

es  _ @c -
@P T;fnig @P@TT;fnig

@S _ @G

@n PT N gje @n@T pir; it

@G - o
@T@PP:fnig eT Pifnig
(4.226)
_ ¢ ]
@T@n P;fnig @T P;fnig

(4.227)
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) @G @G @

@n PT:fnjgjei @n@pP PT fnjgjei @P@n T:fnig @P T;fnig
(4.228)
Note: Since G is a well behaving, the order of di erentiation may changed.

Example. Demonstrate the fact that if a thermodynamic potential is known as a
function of its natural variables, we can calculate all of the thermo  dynamic proper-
ties of the system.

Solution.  We choose to show this for the Gibbs energy ( G). So we assume that
the value of G is known as a function of its natural variables ( T;P;fn;g). In this
example we will consider only single species, so that the chemical potential sum
vanishes. The entropy and volume of the system can be calculated using (Egs.

(4.221) and (4.222)):

S= @G and V = @G
@T » @P ¢
Now using the equations given in the previous table, we have:
U=G PV+TS=G P@—G T@3
@P @T p
H=G+TS=G T @s andA=G PV=G P QG
@T p @P

These expressions relate U, H, A, and G to each other.
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Example. Show that the Gibbs energy gives a criterion for spontaneous change a t
constant T = Tsys = Tsur and P.

Solution.  We need to show that dGsys 0, dSit 0. First we calculate dGsys
by notingthat G=H TS:

dGsys = d(Hsys TSsys) = dHsys d(TSsys) = dHsys |Ssy{92d1i‘ TdSsys
=0

= quys Tdssys = dGsurr TdSSyS 0

M +dSsys = dStot 0
|z}

= dSsurr

Thus for spontaneous (irreversible) changes, the Gibbs energy will alw ays decrease
with the equal sign applying only to reversible processes. Note that there is no need
to consider the surroundings explicity when predicting spontaneity usi  ng Gibbs
energy whereas the calculation using entropy must consider both the system an d

surroundings explicitly.

Note: Although the above criteria show whether a certain change is spontaneo us,
it does not necessarily follow that the change will take place with an  appreciable

speed.
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When other than PV -work occurs in the system, it contributes a term to the fun-
damental equation for the internal energy (Eq. (2.95)). They can be i ncluded in
the Gibbs energy:

dG = SdT+ VdP+ jdnj + FdL + dA s (4.229)
i=1

where F is the force of extension, L is the length, is the surface tension and Ag is
the surface area. Variables (F and L) and ( and Ag) are conjugate variables and:

@G
F= == 4.230
oL TP fnigAs ( :

@G
= —— 4.231
@'% T;P;fnjgL ( )

What is the meaning of the Helmholtz and Gibbs energies in presence of no n-PV
work?

1. Helmholtz energy. Consider the rst law of thermodynamics (Eq. (2.64)):
dU = dg+ dw. Using Eq. (3.172) gives:

du + Tds dw (4.232)

At constant temperature ( dT = 0) we can write:
d(U TS) dw (4.233)
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This implies that:
(dA);  dw (4.234)

where A is the Helmholtz energy. Thus a change in the Helmholtz energy gives a n
upper bound for the work that can be done on the surroundings. In rea | processes
the amount work that can be done is less than j Aj. In this case both sides of Eq.

(4.234) are negative (dw < 0 and (dA)t < 0); i.e. when the system does work on

the surroundings (i.e. j(dA)T] | dwj).

Note: dw now contains both PV and non-PV work.

2. Gibbs energy. The Gibbs energy is especially useful when non- PV work is in-
volved. When PV and non-PV work are separated, the rst law of thermodynamics
(Eqg. (2.64)) can be written:

dU = dg  Pext dV + éwWnonpy (4.235)
With the inequality (Eq. (3.172)) TdS dg we can write:
dU  Pex dV + TdS dWnonpy (4.236)

At constant T and P (= Pex ), we have:

d(U+ PV TS)  &Wnompv (4.237)

(dG)1.p  @Wnonpyv (4.238)
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Notes:

1. For a reversible process at constant T and P the change in Gibbs energy is
equal to the non- PV work done on the system by the surroundings.

2. Eg. (4.238) states that a change in the Gibbs energy at constant T and P
gives an upper bound for the non- PV work that the system can do on its
surroundings. Remember that in this case dG and dwpopy  are negative.

3. When work is done on the system, the Gibbs energy increases. When work
is done by the system, the Gibbs energy decreases.
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4.3 E ect of temperature on the Gibbs energy

How does G change as a function of temperature? Eq. (4.221) states that:

@G = S 0
@T pitnig

Since the derivative is zero or negative, the Gibbs energy decreases as T increases
given that P and f n;g are constant.

What is the relationship between H and G in terms of temperature?

Previously we have established that G = H TS. If we replace S with the above
derivative:

@G

@T P;fnijg

G=H TS=H+T (4.239)

This equation can be modied by using the following expression (G on the right
hand side):

Q@c=T) - sl @ec (4.240)

@T P;fnig T T @T P;fnijg

Substitution of Eq. (4.239) into this equation gives (\the Gibb  s-Helmholtz equa-
tion"):
@G=T)

@T i nig

H= T2 (4.241)
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When looking at di erences in the Gibbs energies and enthalpies, this becom es:
@ G=T)

H= T2
@T Pifnig

(4.242)

Notes:

1. If G can be determined as a function of temperature, we can obtain H
using Eq. (4.242).

2. If H is independent of temperature and G is known at one temperature,
it is possible to obtain G at other temperatures with Eq. (4.242).
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4.4 E ect of pressure on the Gibbs energy

How does G change as a function of pressure?

First Recall Eq. (4.222): %S o = V.
tnig

Integration of this equation gives:
B2 P2 P2
dG= VdP) G2=G1+ |{\£} dP (4.243)
G P1 P1 >0

Thus the Gibbs energy always increases with the increasing pressure when T and
fnjg are constant.

For liquids and solids volume ( V) is approx. independent of pressure ( P) and thus:
G,=G1+V (P2 Py)or G=V P (4.244)

For ideal gases (PV = nRT ), we can write:

P P
G2=G1+nRTIh -2 or G=nRTIh -2 (4.245)
P P1

Setting P, = P;P; = P ;G2 = G and G1 = G , we get:

G=G +nRT In Pi (4.246)
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Example.  Given the expression for the molar Gibbs energy (Eq. (4.246)) and
considering a monatomic ideal gas, derive the corresponding expression fo r the
following thermodynamic properties: V;U;H;S and A at constant T.

Solution. The molar Gibbs energy is given by Eq. (4.246) with over bars:

G=G +RTlIn L
p

We need to nd a similar -type expression for the above thermodynamic p  roperties.
The form should be: X = X +\possible pressure correction". For an ideal gas we
have:

RT
PV=RT) V="

Based on Eq. (2.117), the internal energy of an ideal gas does not depend o n volume
or pressure but only on temperature:

u=u

Recall that enthalpy is dened as H = U+ PV. For an ideal gas PV = constant
= nRT, thus:

H=U+PV=U +RT=H
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Eq. (3.182) for the molar entropy states that: S =S Rin 5 .
For the Helmholtz energy we have:
A =G PV =G RT

P P
) A=G PV=G RT-= RI+RTIN o =A +RTh ——

[[PAAL
=A

Example. An ideal gas at 27 C expands isothermally and reversibly from 10.00
to 1.000 bar against a pressure that is gradually reduced. Calculate q per mole and
w per mole and each of the thermodynamic quantities G, U, H, Sand A.

Solution.  Since the process is reversible & isothermal and the gas is ideal, we have:

V. P
dw= PexdV= PdV) w= RTIN -2 = RTIn —*
Vi1 P2
10:00 b
= 83145JK ‘mol ! (300:15K) In —— 2 - 5746 3mol !

1:000 bar
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Recall that Helmholtz energy gives the maximum amount of work thatt  he system
can do in a reversible process. Here the work and Helmholtz energy should be eq ual.
Formally this can be seen integrating Eq. (4.214) at constant  T:

dA = Slgz'li Pdv = PdV = dw) A=w= 5746 Jmol !

The internal energy of an ideal gas depends only on temperature and hence:
U=0) gq= U w=5746Jmol !

Likewise, the enthalpy of an ideal gas depends only on temperature:

H= U+ = |{z¥ + |(_{RT;

To get the change in the Gibbs energy (  G), we integrate Eq. (4.222):

%2 P2 P2
G= dé= vdP= " gp=RTIh 2
P Py
G P1 P1
1:000 b
= 83145JK ‘mol 1 (300:15K) In = - 5746 3mol 1

10:00 bar
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Entropy for a reversible process at constant T can be calculated using Eq. (3.166):

5746 J mol 1
Gev _ 2725 IMO ° _49.4943K L mol ?
T 300:15 K

Another way to calculate the entropy dierenceis(\ G=H TS"):

S=

s= -1 C_19:140K Tmol *
T
Example. An ideal gas expands isothermally at 27 C into an evacuated vessel
so that the pressure drops from 10.00 to 1.000 bar; that is, it expand s from a
vessel of 2.463 L into a connecting vessel such that the total volume becomes 24 .63
L. Calculate the change in thermodynamic quantities that were cal culated in the
previous example.

Solution.  This process is isothermal but NOT reversible. Since the system as a

whole is closed, no external work is done and w = 0. Also at constant T, U =0
and hence the rst law of thermodynamics implies that also q = 0. The other

quantities are the same as in the previous example, because the quanti ties are state
functions and the choice of path does not a ect the result. Both initia | and nal

states in this example are identical to those in the previous example.
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Example. Calculate the Gibbs energy of formation at 10.00 bar and 298.15 K  for:
(a) Gaseous methanol (CH 30H) (the standard Gibbs energy of formation 161:96
kd mol 1) and (b) Liquid methanol (density 0.7914 gcm 2 and the standard Gibbs

energy of formation  166:27 kJ mol 1). Assume that gaseous methanol behaves
according to the ideal gas law.

Solution.  The Gibbs energy of formation is de ned essentially the same way as we
de ned the enthalpy of formation previously. For (a) we can use Eq. (4 .246):

P
{G= (G +RTIn 5 F 16196 kJ mol '+ 83145 10 *kIJK 'mol ?!
10:00 b
(98:15K) In —— 22 - 15625 kI mol !
1:000 bar

Thus we see that the Gibbs energy of formation is higher at higher pressu re. In
practice this means that it was not as favorable to form methanol a t high pressure
than at the low pressure. In both cases the reaction is spontaneous.

For (b) the molar volume of the liquid is approximately independ  ent of pressure.
In this case we can use directly Eq. (4.244). First we have to calculate t o molar
volume:



M cH 50H 32:04 g mol 1!

V = =

CH 30H 0:7914 g cm 3

= 40:49 cm® mol ! 10 2mem ! 3=40:49

This gives the molar Gibbs energy of formation:

(G= (G +V(P P )= 16627 ki mol
9 10° Pa
5 10" Pa 166:23 kJ mol
10°3 /1 K o

Note: The Gibbs energy of formation
for a gases and liquids have very dif-
ferent pressure dependency. This can
be seen in the graph shown on the right
(the value of the V P term above for

the liquid is small comparedto ;G ).

At the intersection, both species have
the same molar volume.

AG

(k.J / moly

10

1

=40:49 cm® mol !

6 1

m3 mol

177

'+ 4049 10 *m® mol ?

@
@

2
2

i

165

4 6
P (bar)
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4.5 Fugacity and activity

Idea: Keep the basic form of the equations that were derived
for ideal gases, but use an e ective pressure (\fugacity") and
e ective chemical potential (\activity").

Fugacity f = f(P) would deviate from the real pressure P
at high pressures. At low pressures it approaches the real
pressure:

Gilbert Newton

lim ——72 =1 (4.247) Lewis, American
Pl 0o P physical chemist
(1875 - 1946)
For example, the Gibbs energy (Eqg. (4.246)) in terms of fugacity is:

G=G +RTIn

(4.248)

Note that fugacity has the units of pressure. Also, for areal gas, itis directly related
to the Gibbs energy. If the equation of state for a real gas is know, i tis possible to
calculate the fugacity.



Derivation of expression for fugacity for a real gas at constant temperat
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First recall Eq. (4.222): Vv = Q¢
irst recall Eq. ( ) ©F Tiinig

At constant temperature:  dG = V dP (real gas) and dG'd = Vid dP (ideal gas)

The Gibbs energy di erential between the real and ideal gases is:
d G G = v v9 dp
Integration of both sides gives:
HP) i
d G GY = v vid dp
G(P ) P

Performing the integration yields:

G ¢4 6 6Y = v vl

Letting P | OmakesG! Gi9 and:

G G . v vid gp

(4.249)

(4.250)

(4.251)
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Using Eq. (4.248) for the real gas, Eq. (4.246) for the ideal gas an d inserting them
into Eq. (4.251) we have:

Vi
= _— VvV VY9 dP (note: G is the same for both gases) (4.252)

0
Exponentiating both sides gives:

» 3

1 .
=exp 4 Vv vid dp5 (4.253)
0

P

where is called the fugacity coe cient. Next we introduce the molar volumes fo  r
the real and ideal gases (see Egs. (1.6) and (1.26)):

RTZ i RT
V= and vid = ——
P
When these are inserted into Eq. (4.253), we get:
2 » 3 2ZD 3
f 1 RTZ RT z 1
= —=exp4— —— — dPS=exp4 “=———dP5 (4.254)
P RT P P P
0 0

Note: The compressibility factor Z depends on pressure,Z = Z(P).
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Example. What is the expression for the fugacity when the compressibility factor
is expanded as a power series?

Solution.  The power series expansion is given by Eq. (1.17):
zZ=1+ B%P+C%P2+

Inserting this into Eq. (4.254), we get:

2ZD 3 2 3
z 1 B%® + COP2+ 1
f = Pexp4 - dP5 = Pexp4 —————"dP5
0 0
22’ 3

COPZ
+

=Pexp4 B°+C%P+:: dP5=Pexp B%P +
0

Example. What is the expression for the fugacity of a van der Waals gas?
Solution.  The compressibility factor of a van der Waals gas is given by Eq. (1.26 ):

1 a
Z=1+ — b —— P (to rstorderin P)
RT RT
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Just like in the previous example, we insert the expression for Z into Eq. (4.254):

ZZD , 1 3 2 . » . 3
f=Pexp4 - dr5 = Pexp4ﬁ b AT dpP5
0 0
= Pexp b a
RT

Example.  Given that the van der Waals constants of N , are a = 1:408 L2 bar
mol 2 and b=0:03913 L mol 1, estimate the fugacity of the gas at 50 bar and 298
K.

Solution. Insert the constants into the above expression (previous example):

f=P exp i b i
RT RT
( !
50 bar
0:083145 LbarK ' mol 1 (298 K)

" #)
0:03913 L mol 1 1:408 L2 bar mol 2

0:083145 L bar K ! mol 1 (298 K)

= (50 bar) exp

=48:2 bar
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Note: All thermodynamic tables refer to the ideal gas pressure P instead of the
fugacity. In general, the fugacity can be either smaller (at low P) or higher than

(at high P) the true pressure P. This can be seen by inspecting the graph shown in

the rst chapter where we plotted Z as a function of P. There Z may take values
on either side of 1, which may make the exponent term in the fugacity exp ression
(Eq. (4.254)) either negative, zero, or positive.

HighP: Z>1

Standard

state
)

Real gas

Tl
2
LowP: Z<1
% I
P (bar)

Even though we have not discussed the chemical potential in detail yet, we  conclude
that the same idea can be applied to the chemical potential as well (cf. E q. (4.248)):

i= i +RTIn(a) (4.255)

where ; is the chemical potential and a; is the activity. The activity is dimension-
less, and a; =1 in the reference state for which = ;.
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For real gases: a =

'U"U 'U‘

For ideal gases: a =
For pure liquids and solids (P / P ). & 1

If the molar volume is assumed to be constant (i.e., liquids and solid s), we can
integrate one of the Maxwell equations (Eq. (4.228)):

@i = v
@P T;fnig
Integration of this expression yields:
i(T;P)= ; +Vi(P P) (4.256)

Note that we assumed that T and V are constants during the integration over P.
Comparison of Eqgs. (4.256) with (4.255) shows that:

RT In(a)= Vi (P P ) (4.257)
) a = eVi(P P ):(RT)

Later we will see that when dealing with solutions, we write activity a s a product
of activity coe cient and concentration.
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4.6 The signi cance of the chemical potential

Recall that we did not carry out Legendre transformation with respect to nj and ;.
Thus U, H, A and G behave exactly the same way with respect to these variables.
Collecting the results from Eqgs. (4.205), (4.211), (4.217) and (4 .223):

U H
Q= ou - @H (4.258)
@n S\Vifnigigj @n SiPifnigigj
@A _ @G
@0 Tvifnige @0 1pitnigie;

The last de nition based on the Gibbs energy is the most convenient because i tis
easy to hold T and P constant in practical applications.

Consider a single species which is distributed in two di erent phases. An exam ple of
such system is liquid water and water vapor. Let us denote the amount of  substance
in phase asn and the amount of substance in phase asn . The corresponding
chemical potentials are denoted by and . When an in nitesimal amount of
substance is transferred between the phases, we have dn = dn dn (what
leaves must enter and vice versa). According to Eqg. (4.258), di erential of the
Gibbs energy is (constant T and P):

(dG)rp = dn + dn = dn (4.259)
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Recall that for a spontaneous process dG < 0. Consider ve di erent cases:

1.

dn > O (i.e. substance moves from to ) and < . This fullls the dG
requirement for a spontaneous process. Substance moves from the phase
with higher chemical potential to the phase where the chemical potenti al is
lower.

dn > O (i.e. substance moves from to ) and > . dG would be
positive and therefore this process is not spontaneous.

dn < O (i.e. substance moves from to ) and < . dG would be
positive and therefore this process is not spontaneous.

dn < O (i.e. substance moves from to ) and > . This fullls the dG

requirement for a spontaneous process. Substance moves from the phase
with higher chemical potential to the phase where the chemical potenti al is
lower.

dn =0 (i.e. nothing transferred) or = (i.e. chemical potentials equal).
This corresponds to equilibrium ( dG = 0). Such an equilibriums can exist
even if the phases are at di erent pressures.
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Measurement of ; as a function of P and T can be used to determine the molar
entropy and the molar volume. To do this, we use the Maxwell relation s (derivation
is similar to Eqgs. (4.226) - (4.228)):

@S @i
s= @S . @ 4.260
@n @T Pifnig ( )
vi= @V _ @ (4.261)
@n @P 1itnig

Example.  Consider a mixture of ideal gases. What are the expressions for the
chemical potentials and the partial molar entropies?

Solution.  For simplicity we carry out the calculation for two species. Extension
to many species is straight forward. We will show this in three parts:

1. Prove that the molar volume of the mixture (V) is equal to the partial molar
volumes of the components (Vi and Vs).

2. Use Eq. (4.228) to obtain ( @ j=@P).
3. Integrate the resulting expression to obtain i
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Step #1. First we note that the total number of gas atoms/molecules is given by
n = ni + ny, the total pressure P = P; + P, where each gas follows its own ideal
gas law P;V = n;RT. There is no interaction between gas atoms/molecules in an
ideal gas and therefore we can add up all these individual ideal gas equ ations to get
v = IRT_ Now Eq. (1.43 vi= &V = RL =

P q ( )) i @n T;P;fnjg,e‘ P
Step #2. By using Eq. (4.261), the above result, the chain rule and P; = x;P, we
can write:

V_RT_V__ @ . @ or _ ., @;
- 5 ~ViT =5 = -5 = Xj
P @P T;fnig @Fr @P T;fnig @P T:;fnig
) @ - RT (4.262)

@r T;fnig Pi'

Step #3. Integration of the above equation gives:

= . +RTIn P'l (4.263)
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By di erentiating Eq. (4.263) with respect to T and using Eqg. (4.260) we get:

P.
Si=S Rin -1 (4.264)
: P

The same equation for pure ideal gas was derived earlier: S=S Rn PP— .

Note: The chemical potential is one of the most important concepts in chemica |
thermodynamics. In both chemical reactions and phase changes, the chemi cal po-
tential of a species times its di erential amount (reacted or transferred) d  etermines
the change in U, H, A, or G, depending on the variables that are held constant
during the process.
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4.7 Additivity of partial molar properties

In the following we will derive partial molar properties for U,A,G,S,Vand H at
constant P and T.

1. Partial molar Gibbs energy

Eq. (4.258) states that the chemical potential i is the partial molar Gibbs energy:
X ¥ @G R
G= nj j = @ nj = n; G
i=1 i=1 @fﬂ T:P.fnjgig; i=1

This is in agreement with the de nition (i.e. Egs. (1.42) and (1.43) ). Note that T
and P are constant.

2. Partial molar entropy

Di erentiation of both sides of the above equation with respect to T gives:
@T P;fn; - i= I @T P;fn;
|—fe—] | —fz—
=S (Eq. (4.221)) - @%s; | Eq. (4.227)
Ws s Ws
) S= n; s = Sin;
i=1 @n T:P;fnjgjei i=1

This is consistent with Egs. (1.42) and (1.43).
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3. Partial molar volume

Eq. (4.222) reads: V = &
e ¢ ) @P Tifnig

Egs. (1.43) and (4.261) give: V; = gTV =

Q@
TP;fnjgje; @p

T:fnjg
Di erentiation of the Gibbs energy equation on the previous page wi th respect to
P gives (\the Gibbs energy Eq. dierentiated"; cf. Eqs. (1.42) and (1.4  3)):
G Xs . Xs
@ = n; @ = Vin; (4.265)

V = - =
@P ritnig i=1 @P 1ifnig i=1

4. Partial molar enthalpy

Recall that: H = G+ TS. Since both G and S are additive:

Xs Xs Xs G s
H=G+TS= niG +T n;Sj = n; 9+T@ (4.266)
i=1 i=1 i=1 @n @n TPifnjgjei
_%Sn_ @G+ TS) _X‘Sn @H
= ;| === = P =
i=1 @n TR fnjgiei =1 @n Tpitngie;

Note: The same additivity properties hold for U and A as well.
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How do ideal mixtures of gases behave?

By ideal mixture we mean that the gases do not interact with each other an  d hence
they have their independent equations of state. Consider an alternative  form of Eq.
(4.263):
(= . +RTIN U - yiP

= n B T + RT In T (4.267)

where y; is the mole fraction and P is the total pressure (this will be used below).

1. The total Gibbs energy of an ideal gas mixture

s s yiP s s
G = ni i = nj i + RTIn e = ni ; +RT niIn(y;) (4.268)
i=1 i=1 0 i=1 i=1 1
P Xs s s P s
+RTIn — ni=n YVi i + RT yiln(y;)+ RTIn — Vi = nG
P o - o P o
i=1 i=1 i=1 ljz-}
1

where n = ny + 1+ ny, and G = G=n is the molar Gibbs energy of the mixture.

Note: Expressions for S, V, U, H and A can be obtained from this equation by
using the relations connecting these variables to each other.
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2. The total entropy of an ideal mixture

s= @S (4.269)
@T P:fnjg
2 ) o 3
BN v e 23
e i3 R P Xs
= ni —L +R  niIn(yi)+ Rin  — ni
i=1 @t i=1 Pia
0 1
s s P
=n@ yS R yn(yy)) RIn — A=ns
i=1 i=1 P

where S = S=n is the total molar entropy of the mixture.

3. The total enthalpy of an ideal mixture

At constant P and T,H = H and Egs. (4.268), (4.269), (4.258) and (1.43) give:

Ws
H=H =G +TS = n ,+TS (4.270)
i=1
Ws G s Ws H Ws
= n; 7@ + Ti@ = n; 7@ = niH;
i=1 @n @0 Teitnjger a1 @n i=1

Note: The expression is independent of pressure (i.e. non-interacting gases).



4. The volume of an ideal gas mixture

Direct calculation gives ( n = n1 + i+ nyg, P = P1+ i+ Pyg):

RT X  RT Rs v X
V = nP = —  nj = n; @— = n; Vi
i=1 | fz‘} =1 _%r"_} i=1
(@v=@n) =V,

Example. Consider mixing of two ideal gases as follows:

Initial state

P, TV, P, TV,

1 ’ 2

n, n,

\\ Mixing ///

P, T,V,+V,

n1+n2

Final state
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(4.271)

What are the initial values and the changes in Gibbs energy, entrop v, enthalpy, and

volume?
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Solution.  The initial values (i.e. before mixing) for the thermodynamic qu  antities
in question are given by (separate systems):

Eq. (4.263)
z}{ P P
Gini = N1 1+ N2 2 = ni 1+ NiRT In 5 thnzot n2RT In 5
Eq. (4.264)
z P P
Sini = N1S1+ Nn2S; = n1S; niRIn i n2S, nzRIn 5

Hini = niHy + n2H,

v = RT L L RT
ini lP 2P

After mixing the thermodynamic quantities become:

= Glini [
Eq. (4.268) Z H 1
z P P
Gtin = ny ¢+ niRT In ' + N2 5+ N2RT In 5 +n1RT In(y1)
0 1
<0 <0 < 0 (spontaneous)
2 { 2 { —

+n2RT In(y2) = Gy + RT %nlln(y1)+ nzln(yz)g = Gjn + mix G
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Eq. (4.269)
z}{ P P
Stin = niS; niRIn — +n2S, n2RIn —
P P
| {z }
= Sini

Rnlln(yl)h anln(yz? = Sph + mix S (entropy increases)

= mix S>>0
Eq. (4.270)
Z}{ _ _
H fin = niH; + n2Hy; = Hejn ) mix H =0
Eq. (4.271)
ZH{ RT RT

fin

ng— + N2g— = Vini x V=0
lP ZP |n|) mix



197
4.8 Gibbs-Duhem Equation

In this section we derive the Gibbs-Duhem equation, which we will need |  ater. First
we use Eq. (4.208) constant T and P:

Ws
U(v;s;fnjg) = ni i PV+ST
i=1
If we let each quantity vary in forming the corresponding di erentia | dU, we get:
s Ws
du = nid ; + idnj PdV VdP + SdT + TdS
i=1 i=1

On the other hand, the total derivative of U in Eq. 4.203) gives:

Ws
du = idnj PdV + TdS
i=1
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By subtracting the two equations from each other yields:

s
nid i VdP+ SdT =0 (4.272)
i=1

This is known as the Gibbs-Duhem equation. We will use it later when we discuss
the Clapeyron equation as well as Henry's and Raoult's laws.

Notes:

Ps
1. Atconstant P and T, Eq. (4.272) becomes: nid ; =0.
i=1

2. For a system with two species at constant T and P we have (y; and y, are
the mole fractions for species 1 and 2):

y1d 1+ y2d 2 =0 (with y2 =1 yq) (4.273)
) yad 1+(1  y1)d 2=0

(conservation of chemical potential)
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4.9 Additional applications of Maxwell relations

First we consider Maxwell relations for a pure system (i.e., only one species). The

equations can be derived using U, H, A or G:

Eq. (4.205)

Eq. (4.205) x-change
et 7 ev ™ ev 47 er ..,
@ s @ @ @ @ '

Eq. (4.211) X- Eq. (4.211)
or “UIY a@n TR en 4 @
@P ¢ @P® @GP @ »p '

Eq. (4.215) X- Eq. (4.216)
e “H7 en W en “HY ee o
@ @ @T @T®@ @T .,

. (4.221) x-chan 1 (4:222)

@& - ZB{ L Chazie{OK @G - A @y
@P + @P@T @T@P @T »
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When a number of dierent species are present, the chemical potential must be
included. For example for the internal energy U, the following Maxwell relations
can be written (similar relations exist also for H, A and G):

@T - @i (4.278)
@n SVifnjgjei @s Vifnig
b :
@r - @i (4.279)
@n SVifnjgjei @V Sifnig
@i - @ (4.280)
@n SVi 0y Oue @0 svitnggye

Example. Calculate @=@ . for areal gas.

Solution. Earlier we have shown that @J=@/ T = 0 for an ideal gas. If the
equation of state of the real gas is known in terms of P, we will be able to use the

following equation to calculate the partial derivative:
P
@ =T @F P (4.281)
@ 1 @T
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To show that this result holds, we rst combine the 1st and 2nd laws of t  hermody-
namics (reversible process):

Ist law: dU = dg,, + @Wrev = 86, PdV (if only PV -work)
2nd law: dS = @
Combined: dU = TdS PdV

By considering molar quantities in above, dividing both sides of the eq uation by
dV, and imposing constant temperature gives:

@ =T & P (4.282)
@ 1 @ 1
Now Eq. (4.276) allows us to write this as:
@ _;. er 4
@ 1 @T v

Example. This equation can be applied to a van der Waals gas. In this case the
pressure can be written as (Eq. (1.24)):

a2
V b V2
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@P - _R

Di erentiation of P with respect T gives: &5 v VoD
Substitution of this derivative in Eq. (4.281) gives the partia | derivative:

RT RT RT a a
@ =— P= = — (4.283)

@ VvV b Vb V b vz "2
Integration of this equation yields the change in internal energy f
in volume at constant temperature:

or a given change

Ug Vi

Example.  Propane gas is allowed to expand isothermally from 10 to 30 L/mol.
What is the change in the molar internal energy? Use the van der Waal s equation

with a=8:779 L2 bar mol 2.
First we have to convert the value of a into Sl units:

Solution.
10 3m3L 17

a= 8779 L2 bar mol 2 10° Pa bar !

=0:8779 Pa m® mol 2
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Then we can use the expression for U on the previous page:

1 1
U=a — — = 0:8779 Pam® mol 2
V1 Vo

1 1
=58:5Jmol !
10 10 3m3mol ¥ 30 10 3 m3 mol !

Example. What is the change in the molar entropy when a van der Waals gas
expands isothermally?

Solution.  First we use one of the Maxwell relations (Eq. (4.276)) and then we
integrate both sides of the resulting equation (see also the previous exa mple):

Eq. (4.276)
@ Ft’ e _ R
@ 1 @Ty V b
22 X2
dv Vo b
dS=R —— S=RI
vV b RV
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Cubic and isothermal expansion coe cients

The cubic expansion coe cient is de ned as (\how the volume of a substance
changes with temperature"):

1 ev _ 1 @&

= = — = = — 4.284
V @Tp, V @T5p ( )
The isothermal compressibility coe cient is de ned as (\how the volume of a sub-
stance changes with pressure”):
1 \ 1
rev _ 1 @ (4.285)
vV @P ¢ vV @P ¢
For an ideal gas these quantities are =1=T and = 1=P. These constants can
also be used in simplifying thermodynamic expressions. For example:
P @/ =@T
ep _ @07, _ (4.286)
@T \ @ =@P,
and further:
Eq. (4.281)
z T P
@ 7 P (4.287)
@
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Dependency of enthalpy on the pressure at constant temperature

We are seeking an expression like Eq. (4.281) that would help us to calcul ate the
dependency of enthalpy on pressure. Both sides of the di erential dH = TdS+ VdP
can be divided by pressure at constant T to obtain:

¢4 & (4.288)
@P ¢ @P 1

Using one of the Maxwell relations (Eq. (4.226)), we can modify th is equation to:
e _ e« (4.289)
@P + @T

The relation between constant pressure and constant volume heat capacities

In Eq. (2.116) we found the following relation:
@ 1

Cp Cy= P+ — = 4.290
P v @ . @f, ( )
From Egs. (4.284), (4.285) and (4.287) we can now get:
TV 2
Cp Cy = (4.291)

Note that often it is more di cult to measure Cy than Cp experimentally. If Cp
is known, the above equation gives Cy .



Chapter 5: Chemical equilibrium

\Chemical reactions always attempt to approach equilibrium  with an equilibrium
constant given by the the standard reaction Gibbs energy"
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5.1 Derivation of the general equilibrium expression

Experiments: Chemical reactions can approach equi-
librium from either direction (CG & PW):

A+B C+D

Thus it does not matter, if one mixes (A and B) or (C
and D), the system will end up in the same equilib-
rium. Also they realized that the equilibrium depends
on concentrations of A, B, C and D. Later van't Ho
(1877) suggested an expression for equilibrium, which
depends on concentrations.

Norwegian chemists: Cato
Guldberg (1836 - 1902)
and Peter Waage (1833 -
1900)

Ps
Recall Eq. (4.220): dG = SdT + VdP + idn;
i=1

Remember that most chemical reactions are carried out at constant pressure an d
temperature and hence dT = dP =0. Next, recall Eq. (2.135):

Ni = Njo+ Vv (5.292)
where n; is the amount of species i, njo is the initial amount of species i, v; is
the stoichiometric coe cient and is the extent of reaction. Eq. (5.292) yields

the dierential dn; = vijd . Sometimes we use the \scaled" version of Eq. (5.292):
ni = nio+ vinio Wwhere is now strictly between 0 and 1.
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If one chemical reaction is considered, substitution of the di erentiali  nto Eq. (4.220)
gives:
0 1
Ns
dG= SdT+VdP+@ v ;Ad (5.293)

i=1

At specied xed T and P:

G Xs
Q = Vi i (5.294)
@ TP i=1
In chemical equilibrium G has its minimum value and hence: %G e = 0

Implying this condition to Eq. (5.294), we get the equilibrium co  ndition:

¥Ns
Vi ieq =0 (5.295)

i=1
This is equilibrium condition applies to all chemical equili  bria (gases, liquids, solids,
or solutions).
In similar fashion to Eq. (2.137), we de ne the reaction Gibbs energy r G:

@G
G= — 5.296
: o - (5.296)
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By combining the equilibrium condition, Egs. (5.294) and (5.296)

Ns
rG= Vi i (5.297)
i=1
The reaction Gibbs energy at a given value of , tells us how much the Gibbs energy
changes when is varied. Its value approaches zero when close to the equilibrium.

Consider reaction: A+B C+D

AG = 0: Equilibrium
AG < 0: Forward is spontaneous
AG > 0: Reverse is spontaneous

Equilibrium (A G = 0)

N N
\Competlon

o
AG <0, AG>0,
direction from direction from
A+BtoC+D C+DtoA+B
0 g & 1
A+B C+D

Note: Usually does denotes a di erence but here it denotes a derivative. However,
there is a close connection to di erences in chemical potentials via Eq. (5. 297).
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To proceed towards the concept of equilibrium constant, recall Eq. (4.25 5):

i= ; +RTIn(a)
where ; is the standard chemical potential and a; is activity of species i. In
equilibrium, this equation can be written as ( ajeq = ai( eq)):
ieq =  * RT In(ajeq) (5.298)
Inserting this into the equilibrium condition, Eq. (5.295), giv  es:
Xs Xs
Vi i = RT  viln(ajeq) (5.299)
i=1 i=1

Using the rules of algebra for logarithms, this can be rewritten:

s s
Vi ;= RT In a (5.300)

i ieq
i=1 i=1

and further (\a sum of logarithms is a I%garithm of1 products"):

s ¥s
Vi ;= RTIn@ ajeq A = RTIn(K) (5.301)

=1 i=1

—{z—} | —{z—1}

= G K

Note: G is a plain number, which comes from the standard chemical potentials
of the isolated species A, B, C, D whereas G is a function depending on . The
value of G depends only on the species which react but not on the details of
the reaction itself. G describes the reaction.
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Thus we can summarize the previous result as:
rG = RTIn(K) (5.302)

The equilibrium constant K is directly related to the standard reaction Gibbs en-
ergy G . Because (G is a function of temperature only (pressure xed to 1
bar), the equilibrium constant K depends only on temperature. Note that K is a
dimensionless quantity.

Let's consider a non-equilibrium condition (i.e. G 6 0) and rewrite Egs. (5.297)
and (5.298) as:

0 1
Rs Rs ¥s
rG = Vi i+RT  viln(a)= G +RTIN@ a'"A= |G +RTIN(Q)
i=1 i=1 i=1
| —{z—1}
Q

(5.303)
where we have de ned reaction quotient Q. It is a very similar quantity to K but
it is a dynamic variable that describes a non-equilibrium situatio  n. At equilibrium,
Q = K andingeneral Q = Q( )whereas K does notdepend on . By calculating the
reaction quotient Q, it is possible to determine the direction in which the chemical
reaction would proceed at given . Substitution of the de nition of the Gibbs energy
(G=H TS)into Eqg. (5.296) gives:

rG= eH T @s = fH T S (5.304)
@ TP @ TP
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Note that the previous de nition is in agreement with Eqgs. (2.137). The same
equation also applies when the reactants and products are in their stan dard states:
rG = (H T ¢S (5.305)

Example. Write expressions for K and Q for the following reaction:

3C(graphite) + 2H ,0(g) CHa(g) +2CO( g)
By applying Egs. (5.301) and (5.303) we have:

2
acH,a . e
K= —%C% where the activities are evaluated at equilibrium ( eq)
azay,o
2
!
AacH 4 a%o o . .
Q()= —55= where the activities are evaluated at a given point
a
Cc 4,0

Also Q( eq) = K.
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5.2 Equilibrium constant expressions for gas reactions

Recall that for real gases the activity is given by (see Egs. (4.248) and ( 4.255)):
a = Ff,—i where P is the standard state pressure (1 bar) and fugacity is given, for
example, by Eq. (4.254): 0 1

Zi
z 1
fi = P exp%) 5 dPR

0

and Z is the compressibility factor of the gas. At equilibrium Eq. (5.301) now gives:
W¥s £
— i _ eq
K= ajyg = =
i=1 i=1

Vi

(5.306)

For ideal gases Eq. (5.306) can be written as follows ( a; = P;=P , see Eq. (4.255)):

¥s  p. Ws v
K = ®9 and Q= Ll

i=1 i=1

(5.307)

Notes:
I K depends only on partial pressures P; and also on the total pressure P.

I As K depends on the way the stoichiometric coe cients are written, a full
reaction equation must always be written when specifying K.

I K determines eq (the equilibrium extent of the reaction) via Eq. (5.301).
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Example. A mixture of CO( g) and CH30OH(g) at 500 K with Pco = 10 bar,
Py, = 1 bar, and Pch,on = 0:1 bar is passed over a catalyst. The reaction
occurring in the gas phase is:

CO(g;10 bar) + 2H 2(g;1 bar) = CH 30H(g;0:1 bar)

where the standard reaction Gibbs energy is rG =21:21 kJ mol 1. In which
direction would the reaction proceed? Assume that the gases behave accordin g to
the ideal gas law.

Solution.  Recall that the the reaction Gibbs energy ( r G) tells us which way the
reaction would proceed. If it is negative, the reaction proceeds spontaneou sly from
left to right and if it is positive, the reaction proceeds spontaneously f rom right
to left. If G is zero, the reaction is in equilibrium. By using Egs. (5.303) and
(5.307) we get:

rG= G +RTIn(Q)=21:21 kI mol '+ 0:0083145kJK ! mol * (500 K)

0:1
——_ =2:07kImol >0
10 12
Thus the reaction is not spontaneous as written. Note that the only eectof P 's
in this calculation were to cancel the units since its numerical value wa s 1 bar. The
stoichiometric coe cients are:  Vvco = 1,vy, = 2and Vcyzon = 1.
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If the conditions had been chosen as follows:

CO(g;1 bar) +2H »(g; 10 bar) = CH 30H(g;0:1 bar)

we would have:
0:1

rG=21:21 kI mol 1+ 0:0083145kJ K ! mol * (500K) In T 1

= 751kimol <0
This means that the reaction would be thermodynamically spontaneou s.

Example. Consider decomposition reaction of water:

H20()  Ha(9)+ $02(0)

The standard reaction Gibbs energy for this reaction is 118.08 kJ mol 1 at 2300 K.
What is the extent of reaction  ¢q at 2300 K and at a total pressure of 1.00 bar?
Assume that gases behave according to the ideal gas law.

Solution.  First we use Eq. (5.302) to get the equilibrium constant K

n(Ky= —S = 118080 J mol * = 6175) K =2:08 10 °
RT 8:3145JK 1 mol 1 (2300 K)
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In the following, the initial amount of water is denoted by n and initially all

other concentrations are zero. At given extent of reaction , the amount of each
component is: ny,o = (1 )n, ny, = n and no, = n=2. Thus the total
amount is (1 Jn+ n+ n=2= n(1l+ =2) and the mole fractions are then:
YH,0 = (1 )=+ =2), yu, = =(1+ =2)and yo, =( =2)=(1+ =2). The

partial pressures ( P;j) can be calculated by multiplying the corresponding mole frac-
tion by the total pressure P. Note that the choice of s slightly di erent than in
Eq. (5.292) (scaling = n %so that is now between 0 and 1). Then apply Eq.
(5.307) to relate the partial pressures to K :

p— 3=2 4

P P p1=2
= M2 5092 9 = Where P = P=P = (1 bar) =(1bar)=1
Ph,0 P (1 eq)@+ eq)

3=2
K = e =2:08 10 3) ¢q =0:020 (numerical solution)

1 eq)@+ eq)'™?

(there are actually three roots: one real and two complex)

Therefore about 2% of H ;0 is dissociated under the given conditions.

Example. Demonstrate that chemical reactions in the gas phase never go to com-
pletion. Assume ideal gas behavior as well as constant pressure and tempera ture.

Solution.  Consider reaction A( g) = B( g) at constant pressure. First calculate the
Gibbs energy of the system as a function of the extent of reaction (Eqg. (5.293)):



0 1

s
dG= sgdr +V|g5+@i_lvi i()Ad = g()d
=0 =0 =

Using Eqg. (4.255), the chemical potentials can be written as:

P P
AT aA*RTI S = L+RThn Ya

0 1
= +RT%In +In L §- +RT In(1
* %) P ’
:(1

)Ntot =N tot

P
B= g+ RT In()+In

Inserting these results into the expression for

dG, we get:
8 9
3 2
dG = +RTIn —— d
3 |25 1

3

B A

a()d

)+In
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Integration of this equation from the initial point (

Z0) z
dG =
G(0) 0
z
G()= ga + RT In 17
0

Consider the following examples (
A B

0.z 0.4 0.6 0.8 .
-100
Y 5

200
/
AN R
400 \\\ 1/ //
AGT \\\\_///

Auga = 0 - does not depend
on temperature. Both forms
are equally favored.

218

=0)to gives:
ga + RTIn —— d)
d = BA+RTf(1 )In(l{7 )+ In( )1

mix G

G in units of J mol 1)

1000
AG 70 /
/

Aliga = 3 kJ mol”' (e.g. B state is higher than A).
Temperature 300 K (&, depends on temperature).
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5.3 Determination of equilibrium constants

Consider a chemical reaction: aA + bB cC + dD. If the initial concentra-
tions/pressures [A] 4, [B],. [C]y and [D], are known and one of [A], [B], [C] or [D] is
known at equilibrium, it is possible to use the above balanced chemica | equation to
obtain concentrations of all of the species at equilibrium. This is beca use there is
just one variable that describes the reaction (; the extent of reaction). Given the
equilibrium concentrations/pressures for all the species, it is possible to d erive an
expression for K in terms of eq by using Eqg. (5.307) and thus obtain a value for
K using experimental data.
Examples of methods for determining concentrations/pressures:

I measurement of gas density or pressure

I light absorption
I refractive index
|

electrical conductivity

Notes:

1. The measurement may not change any of the concentrations/pressures in the
system - otherwise the measurement would change the equilibrium as well!

2. The same value for K should be obtained when the equilibrium is
approached from either side.

3. The same value for K should be obtained over a wide range of initial
concentrations.
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The relation between K and eq:

We have already seen that the equilibrium constant K can be written in terms

of eq (e.g., the water dissociation example). In the following we will consi der a
general equation of the form: A mB and derive a general expression for the
equilibrium constant. The reaction is assumed to occur in the gas phase an d all
gaseous components should follow the ideal gas law. According to Eg. ( 5.307) the
equilibrium constant can be written as:

Pn ' pPg "

5.308
. . (5.308)

Let us denote the total pressure by P and partial pressures of A and B by Pa =
ya P and Pg = yg P. The concentrations of A and B at equilibrium can be written
in terms of ¢q (note the scaling of ):

Naeg = Naso(l eq) @nd Ngieg = Naj0 egM (5.309)
The total amount= nNa.eq + NBjeq = NA;0 (1 eq)t NA:0 egM

From this we can calculate the molar fractions and further the part ial pressures Pp
and Pg:

1
< andyg = ——3 (5.310)

VAT T @ m) 1 @ m
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1
® __andpg=p <M (5.311)

Pa=P - - °®
A 1 e m) 1 e m)

Inserting these into the equilibrium constant expression, we get:

p m 1 1 1 m
K= — - e _ egm (5.312)
P 1 @ m) 1 @ m)
_ P=p m L (egm)™
1 eq(l m) (1 eq)
If m =2 (for example, N 204(g) = 2NO 2(g)), this reduces to:
4 2,P=P
K= _ (5.313)
1 3%

In this case, the equation can be also solved for

= 1
[+ =K)(P=P )*2 (5.314)

€q

P (bar)
Equilibrium extent of reaction as a
function of pressure at various

values of K .
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The relation between ¢q and gas densities:

When m > 1, it is possible to determine the extent of reaction by measuring the
density of the gas. For example, consider reaction A = 2B and denote the mass
of A by ma and the molecular mass by M. Also assume that temperature and
pressure are constant and that both A and B follow the ideal gas law. T he initial
volume before the reaction takes place is:

maRT

Vini = (where we used n = ma=Mp) (5.315)
MaP

At equilibrium we have a similar equation (the total mass is conserved  in chemical
reactions and we still use mp below):

maRT

eq —

1
where Meq = yaMa + ygMg = yaMp + EYBMA (5.316)
eq

where we also used the fact that Ma = 2Mpg (the mass conservation restriction).
Calculation of the ratios between the volumes gives:

Vini - M eq _ yaMa + %YB Ma _ 1 (5.317)
Veq M a M a 1+ eq ’
) 1 g 2 ¢q
with = and =
YA I+ o Y8 I+ o
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Note that the mass conservation also relates the volumes to densities

ini Vini = Ma ) 4= Vini (5.318)

eqVeq = Ma ini Veq

If we solve for eq on previous page, we get two useful results:

M M ini
eq = % and eq = _ni eq (5.319)

eq eq
Thus by measuring either the molar masses or gas densities before the reacti on takes
place and at the equilibrium, Eq. (5.319) can be used for calculating eq. Note that
this derivation assumed a speci ¢ stoichiometry for the chemical equatio n.

Example.  Consider reaction N 204(g) = 2NO 2(g) (molecular weight of N 204 is
92.01 g mol 1) at constant T (298.15 K) and P (1.0133 bar). 1.588 g of N,Og4
dissociates and expands to 500 cm® volume. What is the extent of reaction ¢4 and
the equilibrium constant K ?

Solution. eq Can be calculated using Eqg. (5.319) with the molecular weights as
follows:
Mo = mn,0,RT _ (1:588 g) 0:083145 L bar K ! mol ! (298:15 K)
T VP T (1:013 bar) (0:5 L)

=77:70 g mol 1!
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Min was given as 92.01 g mol 1 and now by applying Eq. (5.319) we get:

_ Mini Meq _ 92:01 g mol 1 77:70 g mol 1

= =0:1842
& Meq 77:70 g mol 1

The equilibrium constant can be obtained from Eq. (5.314):

43 (P=P ) _ 4(0:1842)° (1:0133)
1 4 1 (0:1842)

K = =0:143

For a more complicated reaction A + 3B = 2C, the following expression for the
equilibrium constant can be obtained:
16 3, (1  eq)

(1 3eq)(P=P )2 (5:320)

Each type of reaction requires its own expressions for K and eq but they can be
derived by using the previously outlined approach.



226

Example.  Consider the following reaction: N 2(g) + 3H 2(g) = 2NH 3(g). What
total pressure must be used to obtain 10% conversion of nitrogen to ammon ia at
400 C? Assume equimolar initial mixture of N > and H, and ideal gas behavior.
The equilibrium constant for the reaction is 1 :60 10 # at standard pressure of 1
bar.

Solution.  10% conversion corresponds to e¢q = 0:1. We use Eq. (5.320):

| |
2 ©1=2 N2 . ’

b_p 1840 3eq) L ba 16 (o.1§ @ 01)
(1 3eq)’K (1 3 01)° (1:60 10 4)

=51:2 bar

Note: Calculation of the equilibrium compositions of a reaction system that  contains
two or more reactions is more complicated (results in many dierent equa tions
instead of just one). Furthermore the equations are non-linear, whi ch typically
means that it is not possible to nd analytic solutions. Numerical met  hods are the
only way to proceed in such case (i.e., computers).
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5.4 Calculation of equilibrium constants using standard
Gibbs energies of formation

In general G can be determined in three di erent ways:
1. Determine the equilibrium constant K experimentally and use Eq. (5.302).

2. By using Eq. (5.304): G = H T ¢S .with H determined
calorimetrically and rS obtained from the third law of thermodynamics.

3. Statistical thermodynamics (theoretical approach).

Calculation of G from the standard Gibbs energyoof formation ( 1 G )
R X
tG = v G with (G = (H; T@s + ysA (5.321)
i=1 jei

The entropy summation is over the elements that are required to form com  pound i.
 G; is the Gibbs energy for formation of species i. Note that at all temperatures
tG (H (ag)= +H (H*(ag)= S (H* (ag) =0.

First use the NIST Chemistry WebBook ( http://webbook.nist.gov/chemistry/ )
to get the enthalpies of formation ( (H, ) and entropies ( S; ) and nally calculate
r G; by using Eq. (5.321).
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Note: Even when H is positive (i.e., endothermic reaction), rS may be suf-
ciently large so that it overall produces negative Gibbs energy. Such  reactions are
entropy driven.

Example.  Calculate the standard Gibbs energy of formation for gaseous water
H2(g) + %Oz(g) =H 20(g) given the following calorimetric data ( T =298:15 K):

fH (Wmol 1) S (K lmoal 1)

H20(g) 241.8 188.8
H2(g) 0 130.7
02(g) 0 205.1

Solution.  Apply Eq. (5.321):

1 G (H20)= fH (H20(g) T S (H20(9)= H (H20(9g))

: 1
ESHZO SH2 so2 = 241:8kImol 1 (298:15 K)

)2

I
0:1888 kJ K ! mol ? 0:1307 kJK *mol ' 05 0:20561 kJK ! mol ?

= 2286 kImol !

Note that the quantities with ¢ above are already per mole quantities and therefore
do not require use of overbars.
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Example.  Calculate the equilibrium constants for the following reactions a t the
indicated temperature:
a) 302(g) =20 3(g)at25 C
b) CO(g) + 2H 2(g) = CH 30H(g) at 500 K ( G (CH3OH)= 134:3 kJ mol 1)
Solution. (a) First we have to calculate + G using the values of (H =
1427 kI mol ' and S = Sy, %Soz = 688JK !mol ! which give

G (03(g))= H (03(g) T S (03(g)) =163 :2 kd mol ! (numerical val-

ues from the Chemistry WebBook). Note that the formation reaction fo  r ozone is
302(9)! 03(a).

Then we use Eq. (5.321)to get G (notethat G (O2(g)) =0):

'G =2 ;G (03(g) 3 G (02(g)) =326 :4kImol *

Next apply Eg. (5.302) to get K:

rG

K =exp =6:62 10 *®

(b) First we have to calculate + G (CO(g)) at 500 K temperature. The formation
reaction for CO( g) is: C (graphite) + %Oz(g) I CO(Qg). The required values can
be found from the Chemistry WebBook but note that the required values must

be at 500 K. For example, for CO at 500 K we get (graphite S assumed to be
temperature independent):

Sco(g) =212:8 3 mol K 1Sy =5:63K tmol !
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1 J
- . 1 1. - . . .
So,(g) =220:8JK mol *; S (CO(g))= 2128 5:6 > 220:8 Kol
=96:8JK !mol ! at500K
The enthalpy at 500 K is i H (CO(Q)) = 104:6 kJ mol !, which results in

G (CO(g)) = 1530kImoal . For CH3OH G at 500 K was given (this
could have been calculated using the heat capacity data given in the Chemist ry
WebBook data). Now Egs. (5.321) and (5.302) give:

rG = G (CH30H(9)) 2| G {(;'2(9)1 £ G (CO(9)

-0
= 1343 kImol ! 153:.0 kI mol ! =18:7kImol !
I

=1:11 10 ?

rG 18700 J mol 1
=exp

K =ex
P Rt 831JK I mol T (500K)
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5.5 E ect of temperature on the equilibrium constant

The e ect of temperature on chemical equilibrium is determined by rH
@ (G =T) 2 @in(K))
H = T2 =2 T 77 s, RTZ2 =2 5.322
Hog T . 1@ et . ©3%
Eq.( 4:242) Eq.( 5:302)
In(K H
) M = ! (van't Ho equation) (5.323)

@T ,» RT2

For endothermic reactions the equilibrium constant increases as the temp erature is
increased, but for an exothermic reactions the equilibrium constant decrea ses as the
temperature is increased. This means that endothermic (\requires heat")  reactions
are favored at higher temperature whereas exothermic (\releases heat") ar e favored
at lower temperatures. The equilibrium shifts in direction where the rea  ction can
\consume" more heat.

If +H s independent of temperature, integration of Eq. (5.323) from Tj to Ty
gives:

K(T2) _ H (T2 Ti)
K (T1) RT1T,

(5.324)

where K (T1) and K (T2) are the equilibrium constants at T; and T, respectively.
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Note: If (H isindependent of temperature, then [ C,, is zero (Egs. (2.112) and
(2.140)). It will turn out later in Eq. (5.330) that since rCp is zero then S
is also independent of temperature.

By assuming C, =0 and combining Egs. (5.302) and (5.304) we get:

(G = RTIh(K)and G = (H T ;S (5.325)
H rS
In(K) = s 2
) () RT R

Because (H and S were assumed to be independent of temperature, plotting
this function should yield a straight line (In( K vs. 1=T).

Example. Calculate (H and S forthe reaction: N 2(g) + O 2(g) = 2NO( g).
Assume that [ C, is zero. The following values for K were obtained experimen-
tally:

T (K) 1900 2000 2100 2200 2300 2400 2500 2600
K (10 4 231 408 686 11.0 169 251 36.0 503

Solution. Use Eq. (5.325) to obtain the slope and the intercept from a In( K vs.
1=T plot. This must be done by tting Eq. (5.325) to the experimental d ata. From
the slope one can obtain H by multiplying by R and S by multiplying
the intercept by R. The plot (data and tting) is shown below.
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Slope = rH =R= 21:8 10° K
Intercept = rS =R =3:08

, | ,
50004 500045 06005
1/T(KY

The values for H and S can be now calculated:

rH = slope R= 2119 10 K 8315JK *mol ! =182kImol *!
+S =intercept R=(3:08) 8315JK ‘mol ! =25:6JK ®mol ?!

Note that the assumption of no temperature dependency in rH and (S ap-
pears to be a good one here. If this was not the case, the above plot wou Id not yield
a straight line (because \the slope and intercept would depend on  T").

The standard reaction entropy r S indicates how much the entropy changes in a
reaction under standard conditions and at a given temperature. Foragi  ven reaction
it can be calculated by: "

s

'S Vi S (5.326)

i=1
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Example. Calculate the standard reaction entropies for the following reactio ns at
298 K by using the data in the Chemistry WebBook:

(8) Hz(g)+ 302(g) = H 20(g)
(b) N2(g) +3H 2(g) = 2NH 3(g)
Solution.  Eqg. (5.326) gives the following results:

=S

- - - 1 1
@ 1S =Si,00) Suyg 550x(e= 6995IK *mol

1
13068 JK ! mol * 5 20515 3K Ymol * = 16333JK *mol !
() S =2S\4.(q) Snag 3SHyg =2 192773IK 'mol !

19161 JK *mol ' 3 13068JK *mol ' = 19811JK !mol ?

In general, both H and S depend ontemperature because the reaction heat
capacity depends on temperature. In Egs. like (2.141) and (3.191) we h ave already
seen this kind of temperature dependency (note that r and ¢ quantities are very
similar - one is for some given reaction and the other is for a formati on reaction and
thus they behave exactly the same way). To summarize the results:
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zZ
tHi (T)= H; (298:15 K) + Cp; (T9dT® (5.327)
298:15 K
z
S (T)= S (298:15 K) + C";‘Ti(oTo’dTO (5.328)
298:15 K
z
rH (T)= H (2908:15K) + r Cp (T9HdTO (5.329)
208:15 K
z
rS(T)= S (298:15K) + LO(TO)MO (5.330)
208:15 K T
Ps Ps
Remember also Eq. (2.139): H = Vi fH; and (S = Vi 1S;. Recall
i=1 i=1

also that C,; can be represented as power series inT.

The above results together with rG(T)= H (T) T S (T) can be used
for deriving an expression for G :

i e
rG (T)= G (298:15 K) + +Cp (TO)dTO T r#d_ro

298:15 K 298:15 K
(5.331)
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Note that above G (298:15 K) must be interpreted as ( T 6 298:15 K!):

rG (298:15K)= H (298:15K) T S (298:15K)
Recall from Eq. (5.302) that In( K) = G =RT and thus we get:
298:15 K 1 z
In(K(T)) = f In (K (298:15 K)) = r Cp (THAT? (5.332)
298:15 K
z
+ 1 _rCe(M) (™) dT°
R TO
298:15 K

However, calculation of the temperature dependency in K is rather tedious this way.

Numerical integration methods are a great help (i.e. using computers). A nother
way is to integrate the Gibbs-Helmholtz Eq. (4.241). Also note th at Eq. (5.332)
can be simpli ed if the reaction heat capacities are assumed to be independent of

temperature.
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5.6 E ect of pressure, initial composition, and inert
gases on the equilibrium composition

The e ect of pressure

Consider a mixture of ideal gases where the partial pressure of is gas com ponent i
can be written in terms of the molar fraction y; and the total pressure P: P = y;P.
Inserting this into Eq. (5.307) we get:

¥s poovi W yp ovi WM povils
K = LI i = - y' (5333
P P . P
i=1 i=1 i=1 i=1
p Vv Ns s v
= — Ky wherev= vi and Ky = y;!
P
i=1 i=1

Note that Ky depends on the molar fractions of the gas components and changes in
it imply changes in the molar fractions of the di erent components. N ow consider
changes in the total pressure P at constant temperature and rewrite the previous
equation as:

v

P
Ky= o~ K (5.334)
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Consider the following three cases:

1. v < 0: The total amount of moles of gas decreases in the reaction. According
to Eq. (5.334) Ky should increase as pressure increases. This means that
the products are favored over the reactants (i.e. balance shifts forw ard).

2. v > 0: The total amount of moles of gas increases in the reaction. According
to Eq. (5.334) Ky should decrease as pressure increases. This means that
the reactants are favored over the products (i.e. balance shifts back ward).

3. v =0: The total amount of moles of gas remains independent of pressure.
Thus changes in pressure do not change the molar fractions of the ga ses.

Notes:
1. This result re ects the Le Chatelier's principle.

2. If the reactants and products are solids or liquids, the e ect of pressure  on
the equilibrium is small.

The e ect of initial composition on equilibrium

First we write the molar fraction y; in terms of the extent of reaction . The amount
of speciesi and the total amount of gas for a given are given by:

Ni( )= nigo+ Vi and Nt ()= Neot; 0+ V
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ni() — Niotvi

Neot () Ntot; 0+ V

From these quantities y; can be calculated: y;( )=

Inserting this into de nition of Ky we get the following relation between Ky and

s ¥s . Y v ¥s
Ky= = e (nio+ vi )"
i=1 izg Mot otV Ntot; 0 + V i=1
(5.335)
By combining Egs. (5.333) and (5.335), the equilibrium constant can  be written as:
- v ¥s
K= ——F (Mo + v )" (5.336)
Ntot; 0 + V i=1

1. Consider addition of inert gas (i.e. one that does not take part i n chemical
reaction) with temperature and volume constant. Remember that since the ~ amount
of substance is not constant, we have four variables ( P, V, T, and n) to consider.
The amount of inert gas added is denoted by nijnert . The total amount of gas is
now given by nit. 0 + V. + ninerr  and note that the inert component cancels out

from the product on the right in the equation above because it remain s identical on
both sides of the chemical equation. The above equation now takes the following
form:
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P=p v s
K= (Nio + vi )V (5.337)
Ntot; 0 + V. + Ninert i=1

As temperature and volume are constants, it is instructive to rewrite Eq. (5.337)
in terms of these variables by using the ideal gas law:

0 RT Ly
(Not; 0+ V. + Ninet ) i~ =P ¥s )
K=@ A (njo+vi ) (5.338)
Ntot; 0 + V. + Ninert =1
rT V¥ .
v (nio+ vi )"

i=1

Note that we had assumed that both T and V were constants, which means that

the right hand side above is independent of ni.ert . Therefore addition of inert gas

component to the reactive gas mixture does not change equilibriumi fT and V are
kept constant during the addition (i.e. only the total pressure chan  ges).
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2. Next consider addition of an inert gas with temperature and pressure k ept
constant (note that V changes in this process). If nj,ert changes, the prefactor
in Eq. (5.337) changes as well. Since K = K (T) and temperature is constant,

the product term in Eq. (5.337) (i.e., Ky) must counter balance the change. This

means that the mole fractions y; must take new values (i.e., the composition of the

gas mixture changes).

Summary:

v < 0: addition of inert gas shifts the balance in chemical equation to t he left.
v = 0: addition of inert gas does not change the composition of the ga s.
v > 0: addition of inert gas shifts the balance in chemical equation to t he right.
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5.7 Equilibrium constants for gas reactions written in
terms of concentrations

Previously the equilibrium constants were written in terms of pressure. N  ow the
task is to express the equilibrium constant constant in terms of concentrat ions for
gas phase reactions.

K p = Equilibrium constant calculated using partial pressures.
K¢ = Equilibrium constant calculated using concentrations.

Below we will show that usually Kp 6 K¢ and derive the relation between them.
First we note that partial pressures are related to concentrations ¢ by Pjeq =
Nieqg RT=V = Cieq RT and then Eq. (5.307) gives:

¥s GRT Vi

Kp = (5.339)
i=1 P

Next we introduce standard concentration denoted by ¢ , which is 1 mol dm 2 and
insert this into Eq. (5.339):
vi cRT V

Ci
— = Kce (5.340
. 5 ¢ (5.340)

¥¢ ¢ cRT Y cRT V¥
P P

p
where v = ° vj. Also K¢ is de ned as:

i=1
¥s ¢
Ke= - (5.341)
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Note that K is also a function of temperature only (just like Kp).

Example. What is the value of the equilibrium constant K for the dissociation
of ethane into methyl radicals at 1000 K? The reaction is: C 2He(g) = 2CH 3(g).
G (CH3)=159:8kImol 'and ;G (CzHg) =109 :6 kJ mol

Solution.  First we calculate G by Eq. (5.321):

+G =2 ;G (CH3) :G (CoHg) =2 159:8 kJ mol * 109:6 kJ mol *

=210:1 kI mol !
Now Eg. (5.302) gives Kp:

G 210:1 kI mol 1!
Kp =exp ! =exp rlno R =1:062 10 *
RT (8:315 10 3 kJK I mol 1)(103K)
Finally convert from Kp to K¢ by Egs. (5.340) and (5.341):
CH3]=c )? P
o= (CHal=c)” = 1062 10 U
[C2H6]=C c RT
1 bar =1:278 10 2

1molL ' 0:08315L barK ! mol ! (1000 K)

Note that in above c is required to get the right unit cancellation for K.
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5.8 Thermochemistry of heterogeneous reactions

A reaction involving more than one phase that does not involve equi libria of species
between phases is referred to as a heterogeneous reaction. For example the fol lowing
reactions are heterogeneous:

(1) CaCO 3(s) = CaO( s)+CO 2(9)
(2) CH4(g) = C( s) +2H 2(9)

Previously we have seen that pure gas phase reactions do not go to complet ion
essentially because of entropy of mixing. However, depending on the initi al con-
ditions, heterogeneous reactions can proceed to completion. This can be seen by
writing the equilibrium constant for reactions (1) and (2) above:

Pco,

Kp = 5.342
P b ( )
p2
Kp= — "2 (5.343)
Pch,P

The reason why solids do not need to be entered above, is that their activit ies are
very close to one up to moderate pressures. As such they do not contribute to  the
equilibrium constant. Reaction (1) may go all the way to completion w  hereas reac-
tion (2) may not because there are gaseous products on both sides of the ¢ hemical
equation. From (5.60) we can distinguish two di erent cases for reaction  (1):
1. The reaction will go to completion trying to satisfy Eq. (5.342) (ma  y not get
that far).

2. The reaction will not go to completion and stops when Eq. (5.342) is
satis ed.
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5.9 Degrees of freedom and phase rule

In this section we will derive the Gibbs phase rule:

F=C p+2 (5.344)
F = The total number of variables that must be used in specifying the system.
C = The number of components present in the system (\# of species - # of
reactions”: Ns R).
p = The number of phases present in the system.
Justi caton:

Consider system with p phases. If a phase contains C components, its composition
may be specied by (C 1) mole fractions (the remaining fraction can obtained
from the fact that their sum must equal to 1). The total number of vari ables for for
all the phases is given by p (C 1). In addition to these, one must also specify
two more variables (ike P & T,V & P or V & T). Thus up to this point we
can conclude that we at least have F = p (C 1)+ 2. Next we consider phase
equilibria between p dierent phases For phases , , , ... we must have at
equilibrium ;= = . for each component i. Thus there are (p 1)
such relationships for each component which reduces the total number o f required
variables by C(p 1).

Finally, by summing the previous contributions, we get the Gibbs p  hase rule:

F=[p(C 1)+2] C(p 1)=C p+2
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Example. The reaction CaCO 3(s) = CaO( s) + CO 2(g) is at equilibrium.
(a) How many degrees of freedom are there when all three compounds are

(b)

present at equilibrium?

How many degrees of freedom are there when only CaCO 3(s) and CO »(g)
are present?

Solution.

(@) The number of components: C= Ns R =3 1=2. Three compounds

(b)

and one chemical reaction.

The number of phases: p =2 (solid and gas).

The total number of variables needed: F =C p+2=2.

Thus both temperature and pressure may be varied independently withou t
destroying a phase.

C=Ns R=2 0=2(noreaction; R =0).

p =2 (solid & gas).

F =2 2+2=2. This is the same as in a) because the restriction due to
chemical reaction was removed but there is one component less. Both
temperature and pressure may be varied without destroying a phase.



Chapter 6: Phase equilibrium

\At constant temperature and pressure chemical potentials can b e used to
understand stability of di erent phases."



6.1 Phase diagrams of one-component systems

Earlier we saw that plotting a

P Vv
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T surface in three dimensions is di cult.
Furthermore we have seen (i.e., the Gibbs phase rule) that at maximum

two vari-

ables are need to de ned for describing a one-component system. Most commonly
P and T are chosen as variables when phase-diagrams are plotted.

. |
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Note that along the phase boundary lines two phases exist in equilibor ium. The
Gibbs phase rule now gives F = 1, which means that only one variable may be
speci ed independently. The boundary lines can be understood as function s and
as such they introduce a dependency between P and T (i.e. reduces F to 1). At
points where all three di erent phases exist at the same time (Mriple p  oint") we
have F =0 (i.e. they are just points in the graphs and both P and T are xed).

What de nes the phase boundaries?

Recall that at constant T and P the the equilibrium (i.e. dG = 0) between two
phases and is Eq. (4.259):

dG = dn + dn = dn dn=0) =

In order to tell which phase is stable at given pressure and temperature, w e must
calculate the chemical potentials for each phase and compare them. The phase
with the lowest chemical potential is stable. To obtain general statement s about
stabilities of di erent phases, we must recall the following results (Egs. (4.260) and
(4.261)):

s= @ (6.345)
QT »

v- @ (6.346)
@P ;

Remember that derivatives de ne slopes (here for the chemical potential ).
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1. Dependency of on temperature

We will use Eq (6.345) above to predict the slopesfor = (T). Remember that Sis
always non-negative, which means that  (T) must have a non-negative slope. From
our statistical interpretation of entropy can conclude that: S(solid) < S(liquid) <<

S(gas). Based on these results we can graph (T) for each phase qualitatively.

w(DA . The slopes of the lines are
“ given by  Seolig s Siquid  and
Sgas -

Note that the entropy only
gives the slope. Also this
approximation assumes that
(T) is a straight line.

Tm melting temperature
Ty boiling temperature
Ssolid < Sliquid << Sgas P constant
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2. Dependency of on pressure

The previous Eq. (6.346) gives the slope for (P) when temperature is constant.
The slope is equal to the molar volume, which is a non-negative qua ntity. The
molar volumes for di erent phases are known to follow:  Vsgig < Viguid << Vgas.
An exception to this rule is, for example, water, which we will consider sep arately.

. The slopes of the lines are
w(P) given by the molar volumes for
3 the di erent phases. Note that
T the molar volume only gives

the slope. Also this approxi-

mation assumes that (P)is a

Solid straight line.

Pm = melting pressure
P Py boiling pressure
b m T = constant

If gas is compressed, it will rst become liquid and upon more compression i t will

eventually become a solid. At some given temperature a liquid can be made to boil

if the pressure is reduced accordingly. For example, vacuum distillation  is based on
this principle.
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For water we have: Viiguid < Vsolid << Vgas

Here it turns out that the volume of the solid is larger than the li  quid (the density
of liquid is higher than the solid). For this reason, for example, ice  cubes stay on
top of water or water upon freezing expands and in nature this expansio n process
can break even rocks. Most solids sink in the corresponding liquid because th ey
contract on freezing (i.e., the density increases).

The numbers in the graph re-
fer to dierent solid crystal
2r Y| structures of water (i.e., ice).
If the temperature is xed at
the dashed line and the ini-

v Vo tial pressure is zero then upon
ol ZT( liquid icreasing the pressure we will
i N observe the following phases:
250 -40 -30 20 -10 O 10 20 30 40 50 SO|Id(|), ||qU|d, SOlId(V) and -
T(C) nally solid(IV).

14

P (kbar)

onN B O ®

Other substances that expand when they freeze are: sulfuric acid, gallium, a cetic
acid and silicon. For chemists this information is very useful in pract ical laboratory
work: if you freeze these materials in \fragile" containers, you may brea k the con-
tainer! The term fragility here refers to the ability of the contain er to withstand
expansion (e.g., quartz vs. normal glass).
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3. Combined e ect of pressure and temperature

The combined e ect of pressure and temperature is shown below by plotting (T)
vs. T at two di erent pressures (\high" and \low"):

w(m

Note the shiftin T, and Ty as a function of pressure. At higher P both Ty, and Ty
increase.
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The previously discussed changes in phase are said to be rst order phase tra nsitions.
The rst order refers to the fact the the chemical potential has disconti  nuous rst
derivative with respect to pressure and temperature. For example d (P)=dP is
discontinuous at phase transitions:

wP)

usoud

Solid

P P P

Thus above on each side of the non-di erentiable points, the substan ce has di erent
molar volumes. At transition points heat capacities also tend to appro  ach in nity.
This can be understood qualitatively by inspecting Egs. (2.100) and ( 2.112):

dav dap Qv dp
Cv= M andcp = &y 1= d T-=
vE g andCe = ) cvm " Cr (M)
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At transition points all the supplied heat (  q) is used for driving the phase transition
(i.e. the temeprature remains constant until the phase transition is complete).
According to the previous equations this can only happen if the heat ca pacities are
in nite at the transition points ( T=0,g>0) C!1 ).

Example. A special case of phase transition occurs between two liquid phases He-I
and He-Il (normal and superuid “He) at low temperatures. Due to the shape of
the transition, it is also called -transition (under saturated vapor pressure this
occurs at 2.17 K).
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In a second order phase transition (no heat involved in transition) the rst derivative
of chemical potential is continuous but the second derivative has a di scountinuity.
The heat capacity does not become in nite at these points but show only a  discon-
tinuous jump. Behavior of various thermodynamic quantities at rst and second
order transition points is shown below.

a
O
T
a f
© :
-
T
A) First order phase transition, B) Second order phase transi tion

Examples of 2nd order phase transitions are ferromagnetic, supercondu ctor and
super uid transitions. The classi cation scheme for phase transitions w  as proposed
by Paul Ehrenfest (1880 - 1933). Formally his classicication is not qu ite correct
and one should di erentiate between the 1st and 2nd order phase transiti  ons by the
involvement of heat exchange.
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6.2 The Clapeyron equation

Consider a one-component system with two phases. The
Gibbs phase rule is now: F = C p+2 = 1. At equilib-
rium the chemical potentials (i.e. the Gibbs energy energy at
constant P and T) for both phases (denoted by and ) must
be equal (see Eq. (4.259)):

Benoit Clapeyron,
= (6.347) French engineer

and physicist

(1799 - 1864).

If either P or T is changed one of the phases or will disappear. However, it is
possible to vary both P and T in such a way that both phases will remain (i.e. to
follow the phase boundary line in a phase diagram; phase boundar y line = phase
coexistence curve).

If derivative dP=dT was known along the phase coexistence curve, it would be
possible to calculate, for example, how P must be changed if T is changed by
certain amount while preserving both phases. It turns out that this der ivative is
given by the Clapeyron equation.

Clapeyron equation:

The phase equilibrium relation Eg. (6.347) must hold for any P and T along
the phase coexistence line. If the pressure and temperature are varied with the
restriction = ,wecanalsowritt d =d



The Gibbs-Duhem equation (Eq. (4.272)) for both phases gives

nd V dP+S dT =0
n d V dP+ S dT =0
Solving for d 's gives:
d =VdP S dT

d =VdP S dT
Sinced =d

, We get essentially the Clapeyron equation:

VdP S dT=VdP S dT
This can be rewritten (using Eq. (3.176); S= H=T)as:

e_sS S __sS__H
aT V.V

\% T V

The deltas in this equation refer to di erences in the values for the two

This Clapeyron equation may be applied to vaporization, sublimat
transition between two solid phases of a pure substance.
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(6.348)

(6.349)

phases.
ion, fusion or the
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Example. What is the rate of change per Pascal (Pa) in the boiling point of w  ater
at a 100 C in atmospheric pressure? The molar enthalpy of vaporization is 40.6 9
kJ mol 1, the molar volume of liquid water is 0.019 10 2 m® mol 1, and the
molar volume of steam is 30.199 10 3 m3 mol 1. All values are given at 100 C
and 1.01325 bar.

Solution.  Use the Clapeyron Eq. (6.349):

dP H 40690 J mol 1
o v mo — =3613PakK !
dar T Vg VvV, (373:15K) 30:180 10 3 m3 mol

Finally use the reciprocal identity to obtain the rate:

dT ap ! 1

—= — =" -=2:76 10 *KPa !

dP dT 3613 Pa K
Example. Calculate the change in pressure required to increase the freezing point
of water by 1 mK. At 273.15 K the heat of fusion of ice is 333.5Jg 1!, the density
of water is 0.9998 g cm 3 (= g/ mL = kg / L), and the density of ice is 0.9168 g
cm 3

Solution.  First we note that the molar volumes are given by the inverse of densit y:
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Therefore we get the molar volumes for the liquid and solid:

1 1
V|, = —___~ _=1:0002cm? g 1 and Vg = ————M
0:9998 g cm 3 0:9168 g cm 3

=1:0908 cm® g 1!
Note that we have expressed everything in terms of grams rather than mol es. If
molar volume would be needed in units of volume / mol then one should use the
molecular weight of the substance to convert. Provided that the molar q  uantities
of H and V are independent of temperature and pressure, we can integrate Eq.

(6.349):

Zt
H H dT H T
dP = fus a7 ) P = fus at _ fus In 7f
TV v T v T
T
fus H 1 1 fus H T
\ T; VT

For a change of 1 mK both ;s H and the molar volumes are approximately
constant. In the present case T; = 273:150 K (freezing point of water at ambient
pressure), T =0:001 K and T; =273:151 K. The task is now to nd P:

b= 3335Jg ! (0:001 K) B
T ( 906 10 8 m3g 1)(273:15K)

Note that for water dP=dT < 0! This means that the phase boundary slope in the
phase diagram is negative. In most cases V > 0 and dP=dT > 0.

1:348 10* Pa= 0:134 bar
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Example. Calculate the vapor pressure of H 2O(l) at 298.15 K when the following
values are given: G,gg ¢ (H20(9)) = 2286 kJ mol Tand ¢ Gogg ¢ (H20(1))
= 237:1 kJ mol 1. Assume that the gases follow the ideal gas law.
Solution.  Phase changes can be considered as \chemical reactions":
H20(1) = H 20(9g)
Recall Eq. (5.302) and the de nition of equilibrium constant Eq. (5  .301):
0 1

a(H20(g)
|
P20}

=1

rG = RTIn(K)= RTIn% RT In(a(H20(9)))

Toget G we use Eq. (5.321):

rG = G (H20(g) G (H20()= 2286 kImol ! 2371 kI mol 1

=8:56 kJ mol ?

The ideal gas assumption with Eg. (5.301) and replacing the subsrcipt r with vap
(our \reaction" is vaporization):

vap G

vapG = RT In PHZO(g):P ) PHzO(g) =P exp RT
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8560 J mol !
Phzo(g) = (1 banexp 83145 1K Tmol T (29815K) 0:032 bar

Example.  Calculate the equilibrium pressure for the conversion of graphite to
diamond at 25 C. The densities of graphite and diamond may be taken to be 2.25
and 3.51 g cm 3, respectively, independent of pressure, in calculating the change
of G with pressure.

Solution.  Consider equilibrium reaction:

C(gra) = C(dia)

where (G = ;G (dia) ¢+ G (gra) =(2900 0) J/mol. Eqg. (4.222) can now
be applied: V = % . This can be integrated:
Tin
z G i
d( rG)= Vv dP
G P

where V = V(dia) V/(gra). Integration of this equation leads to ( P=P P):

rG: rG + vV P
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where G =0 at equilibrium. Solving for P gives:

4G (G _ 2900 kJ/mol L 5
P= v T 191 10 6 m3=mol =1:52 107 Pa

and the change in molar volume is obtained from:

1 1

10 6= 1:.91 10 * m® mol ?
351gm 3 225gm 3

V= 12gmol !

The required pressureis P = P9+ P 1:52 10° Pa. Since the temperature was
xed at 25 C, this much pressure must be applied in order to reach the two-phase
equilibrium (i.e., must be located on the phase boundary line).
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6.3 The Clausius-Clapeyron equation

For vaporization and sublimation processes Rudloph Clausius showed th at the
Clapeyron equation may be simplied by assuming that the vapor phase obeys
the ideal gas law and the molar volume of the liquid ( V) is small in comparison
with the molar volume of the gas ( Vg). Substituting RT=P for Vg, Eq. (6.349)
becomes:

P _vapH _ P vapH (6.350)
dT TV RT 2
By separating variables to the opposite sides of the equation, Eq. (6. 350) becomes:
Vi 22
P H P H
Gl L O L (6.351)
P RT 2 P RT 2
P T
If vap H is assumed to be independent of temperature, we get:
P 2 Ho o1 1
mh — =Y~ g 2g7=_va?l - - (6.352)
P R R Ty T2
T1
This can also be written as (inde nite integral):
H
In(P)= % + C where C is a constant (6.353)
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This shows that a plot of In( P) vs. 1=T should be a straight line. When P and
T are obtained from experiments, it is possible to extract vap H from the (P;T)
data. Such data is shown for water as an example below.

Alinear tgives  vapH =44:7 kJmol ! (literature value 44.0 kJ mol ! at 298
K). Note that the above experiment gives an average value for this @ uantity over the
measurement temperature range as there is a small dependency on temperature.
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The Clausius-Clayperon equation can also be written as:

P H(T2 T H 1 1
n P2 - veeH(2 T)_ wepH 1 1 (6.354)
Py RT1 T2 R T1 T2
The above derivations su er from two approximations: 1) vap H was assumed to

be independent of temperature and 2) the gas phase was assumed to follow the ideal
gas law. The temperature dependency can be included in  vap H approximately
by assuming the following form (not a very good approximation eit  her):

vapH = A+ BT + CT? (6.355)

If this is inserted into Eq. (6.351), we get:

4P _ vapH o1 iz+$+c dT (6.356)

P RT 2 R

Integration of this equation (without limits) gives the followi ng result:

In(P) = % $+Bln(T)+ CT+D (6.357)

where D is a constant of integration.
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To see how vap H can be determined graphically, we integrate Eq. (6.351):

g z
dP H dP H
= —2_—dT) = 2 dT
P~ RTZ P RT?Z

P 0

and di erentiate both sides with respectto  T:

d(n(P=P )) _  vapH ___,d(n(P=P))
dT = Rtz ) veHERTTTE R

By using the chain rule and knowing that d(1=T)=dT = 1=T2, we get:

d(in(P=P )) _ d(@=T) d(n(P=P)) _ 1 d(n(P=P))
dT Tt d(1=T) ~ T2 dQ=T)
and therefore we have:
_ d(In(P=P ))
vap H = RW (6.358)

Notes:
I P above is the vapor pressure (the total external pressure is constant).

I The above form is particularly useful for onbtaining a graphical  solution
because the plot of R d((In( P=P )) =d(1=T) gives vap H (which may
or may not be constant).
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6.4 Vapor-liquid equilibrium of ideal binary liquid
mixtures

Task: To understand vapor-liquid equilibrium when two components are pr  esent in
a liquid. For example, when we have a mixture of benzene and toluene at a given
temperature, what is the vapor composition and the vapor pressure? Thi s consid-
eration would be very important when separating these components by di  stillation.
In this section, we will assume that gases follow the ideal gas law alth ough a more
general theory would have to use fugacities instead of partial pressures.

Consider a non-reactive binary component mixture of liquids. When th e liquid and
vapor phases are in eqiulibrium, the chemical potentials for each com ponent must
equal:

1= 1(gand 2()= 2(9) (6.359)

For ideal gases the chemical potential for each component in the gas pha se is given
by Eqg. (5.300) with a; = Pj=P :
i(@= i(@+ RTIn FF:—i where i =1;2 (6.360)
For the liquid phase components we have to use the general form (Eq. ( 4.255)):
ih= i()+ RTIn(a) (6.361)



269

By combining the above equations:

i (@+ RT In FF:—' = ;(H)+ RTIn(a) (6.362)
If this equation is written for a pure liquid i, it reads:
i(@+ RTIn E—i = (6.363)
where P; is the equilibrium vapor pressure of pure i. Subtract Eq. (6.363) from
(6.362) and we can rearrange the resulting equation as:
RT In ::—' = RTIn(a)) a = ::—' (6.364)

i i
Thus, if the vapor follows the ideal gas law, the activity of a comp  onent in a solution
is given by the ratio of its partial pressure above the solution tot he vapor pressure
of the pure liquid.
An experimental nding (Francois-Marie Raoult, 1830 - 1901):
Pi  xiP; (Raoult's law) (6.365)

where P, is the equilibrium pressure of pure liquid i and x; is its molar fraction in
liquid phase.
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This holds well when the components are chemically \similar*. An eamp le of chem-
ically similar compounds is given by a benzene/toluene mixture. The Rao ult's law
is demonstrated for this mixture below.

P, (benzene)

0.5 Total P (“bubble point line”) . PRI,
- —Benzene partial P, Chemical similarity: A and B
0.4 - Toluene partial P, are \similar* if the molecu-
—03 lar interactions between A {
s A, A{ B and B { B are
02 P, (toluene) nearly identical. For the ben-
o1 zene/toluene example, these
L interactions are long-range van
00 02 04 06 08 1.0 der Waals forces.
Pure T, Pure
benzene toluene

Because the gas phase was assumed to be ideal, we can express the partial pressue
of a gas component i by multiplying the total gas pressure by the molar fraction in
the gas phase (y;):

Pi =vyiP XiP; (6.366)

This lets us connect the molar fraction in the liquid phase ( x;) to the gas phase
quantities.
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From Eg. (6.366) we can solve for x; (the liquid phase molar fraction):
P P;

Xi =y = 6.367
i =i P, P, ( )

Based on Eg. (6.364), the above is equal to activity a;:
ai = Xj (6.368)

Now we have managed to get an expression for activity in the liquid pha se by
considering the gas phase and the Raoult's law. Inserting this into  Eq. (6.21) gives:

i= ;(M+ RT In(x; 6.369
=0 0 (6.369)
=aj
Solutions for which Eq. (6.368) holds are called ideal solutions. Recall that y; is

the mole fraction in the gas phase and x; is the mole fraction in the liquid phase.
The total vapor pressure of an ideal binary mixture is given by:

P=Py+ P2=x1Py + x2P, = P, +(P;  Py)x1 (6.370)

Why is the total pressure line also called the \bubble point line"?

A liquid boils when its vapor pressure exceeds the external pressure. For exam ple,
under normal conditions water boils at 100 C because at that point its vapor
pressure is equal to the atmospheric pressure (1 atm). Boiling is seen as for mation
of gas bubbles in the liquid. Consider the plot below where the tota | vapor pressure
is shown as a function of xi.
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P,
If the external pressure would be below the
bubble point line, the liquid would start boil-
ing. In the opposite case, the liquid does not
boil.

0 1

Benzene Toluene

for liquid

The vapor composition of a binary solution can be calculated using Rao ult's law:

P x1P x1P
yi = 1 17 = 171 (6.371)
P1+ P2 xX1P; + X2P, P, + P, P, X1
This equation can be solved for xi:
P
Y1, (6.372)

X1 =
P,+ P, P w1

By eliminating x1 by using Eq. (6.366), we get:
¢ (6.373)
Pp+ P, Piw1
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This function is plotted below (i.e., total pressure vs. molar fractio n in the gas

phase) for benzene/toluene solution:

P,
Dew point line
P’
0.0 1.0
Pure @ Pure
penzena_[_f—r'——[tdueue
> 05N or pas ]
: Liquid
04— —
Bubble
point
T 03 line —
8
a

0.2

0.1

0.0

Pure

be

Dew
point
line

— Vapor

00 02 04 06

@, ory,
nzene

0.8

1.0
Pure
toluene

At external pressures below the dew point line
the binary mixture exists as a two-component
gas. Above this line liquid starts to form.

P, = Vapor pressure of pure toluene.
P, = Vapor pressure of pure benzene.

Liquid and vapor compositions for ben-
zene/toluene mixture is shown. Note that the
x-axis might be somewhat confusing: it is used
for two di erent variables x1 and y1. This does
not mean that they would be equal! Variable
X1 corresponds to the top straight line and y;
for the lower curve. A tie line (dashed line)
connects x1 and y; at a given total pressure
P. In the pressure ranges from P, to P, , the
system may exist in liquid-gas phase equilib-
rium with a given x; and y;.
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Example. At 60 C the vapor pressures of pure benzene and toluene are 0.513
and 0.185 bar, respectively. What are the equations of the bubble po int and dew
point lines? For a solution with 0.60 mole fraction of toluene, what  are the partial
pressures of toluene and benzene, and what is the mole fraction of toluene in the
vapor? Assume ideal solutions.

Solution.  Denote toluene by 1 and benzene by 2. The bubble point line is given
by Eq. (6.370):

P(x1)= P, +(P;y P,)x1 =0:513 bar (0:328 bar) x1
The dew point line is given by Eq. (6.373):

P, P, _ 0:0949 bar?
P,+ P, P; yi 0:185bar (0:328 bar)y;

P(y1) =
With 0.60 mole fraction of toluene, the partial pressures are given by  Eq. (6.365):

P1
P> = xoP, =0:40 (0:513 bar) = 0 :205 bar

x1P; =0:60 (0:185 bar) = 0 :111 bar

From the above bubble point line equation with  x1 = 0:60, we get:

P =0:513 bar (0:328 bar) (0:60) = 0:316 bar
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Eq. (6.371) relates y; and x; to each other and hence:

X1Pq _ 0:60 (0:185 bar)
P, + P; P, xi 0:513bar (0:328 bar) 0:60

Y1 = =0:351

Example. Calculate the activities of toluene (component 1) and benzene (compo-
nent 2) in the liquid by using the values given in the previous exampl e. Assume
ideal solutions.

Solution. Use Eg. (6.364):
P1 P2

a; = — =0:600 and a = — =0:400
1 P,

Note that we assumed an ideal solution, the activities are equal to the  mole fractions.

Thermodynamic quantities of ideal solutions

In ideal solutions the activities are given by Eq. (6.369): (= ;()+ RT In(x).

The molar Gibbs energy of a solution at constant T and P is given by Eq. (4.225):
% s n; % s

= i— = i Xi

i=1 n i=1

G
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Inserting the chemical potential expression in above, we get (constant T and P):
Rs Rs K

= Xj i = Xi j + RT Xi In(x;) (6.374)

i=1 i=1 i=1

G

Note that this expression gives the molar Gibbs energy as a function of pressure and
temperature. Thus this expression contains all of the thermodynamic i  nformation
about an ideal solution.

The molar entropy of an ideal solution can be obtained using Egs. (4.2 21) and
(4.227):

s ) Xs s s
S= @ = Xi g R Xi In(xj) = xiS; R Xi In(xj)
@T i=1 @T i=1 i=1 i=1
(6.375)
The molar enthalpy of an ideal solution can be calculated by using the G ibbs-
Helmholtz equation (using Egs. (4.241), (4.227) with  G; = ;, and G; = H;
TS, ):
’ Ns ' # Ns
G=T =T ) .
h- 12 @61 = T? xii@ ! = T? Xi 10, =
eT P;fnjg i=1 @T i=1 T T T
Xs @. Xs Xs
= Xi  T—L+ = Xi TS +G; = XiHj

(6.376)
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The molar volume is obtained from Eq. (4.222):
0 2 3 1
= (6.369)

@ x ozl X X
V= — = %@g Xj  RTIn(xi) Z:@é&:= Xi (@i=@hH = Xi Vi

Gl T:fnig i=1

(6.377)

Remember above that ; does not depend on pressure - only on temperature.

The rst terms (with superscripts ) in Egs. (6.374) and (6.375) give the thermo-
dynamic properties of isolated species (i.e. no mixing) and the possible second term
the e ect of mixing:

Ns

mix G = RT Xi In(xj) (6.378)
i=1
X

mx S= R Xi In(x;) (6.379)
i=1

mx H=0 (6.380)

mix V=0 (6.381)

These results are essentially the same as we obtained earlier for ideal gas m xitures.
Note that there is no volume change or heat evolution when ideal solutions are
formed under constant temperature and pressure.
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The e ect of temperature on ideal binary liquid mixtures at constant pr essure

Consider toluene (1) - benzene (2) mixture at atmospheric pressure (unit s in bar):

801 C 8 C 90 C 94 C 98 C 100 C 104 C 1106 C
P, | 0.508 0.543 0.616 0.698 0.742 0.836 1.013
P, 1013 1285 1.361 1526 1.705 1.800 2.004 {

The boiling points for pure liquids were underlined above. Vapor  pressures for pure
liquids can be determined experimentally.

Example. Calculate the liquid mole fraction ( x1) of toluene in benzene-toluene
solution that boils at 100 C. Calculate also the toluene mole fraction ( yi) in the
vapor above the liquid.

Solution.  We use Eq. (6.370) and solve for xi, recall that a liquid boils when
its vapor pressure reaches the external pressure (one atmosphere here) and u se the
above table:

P P, _ (1:013 bar) (1:800 bar)

X1 = = =0:744
P, P, (0:742 bar)  (1:800 bar)
By knowing X1, we can further use Eq. (6.366) to get yi:
P : :
yi= x1P; _ 0:744 (0:742 bar) - 0545

P 1:013 bar
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Example. The method of fractional distillation can be understood in the previ  ously
developed theory. Consider a binary ideal mixture with components A an d B. In
this example component A (i.e., the volatile component) has a lower b  oiling point

than B.

1. Consider a solution with mole fraction
XA; 1 of A.
Vapor 2. Heat the solution to its boiling point

composition T2. The liquid mole fraction is now
.......... % . 3. Extract vapor, which has mole fraction
ya: 2. Note that there is more of the
volatile component in the gas phase
than in the liquid.
T Repeat the above cycle for the liquid, which
xAIJ) was condensed from the gas phase above. The
) next step is shown as xa. 3 and ya: 3. By re-
0 1 peating the cycle, a better separation of the
Mole fraction z / y components can be reached.

Temperature

composition X,




6.5 Vapor pressure of nonideal mixtures
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In the previous section we assumed that Raoult's law holds (Eq. (6.36 5)). However,
in many cases signi cant deviations from this law are found:

Raoult's law
bubble point hne}r
50 —
— / |- Bubble point line —
40 — 80
<, | N —— Dew point line <& g0
g 30 PR E&L
Q oo P Q 40
Ve
- N 20
1 1 1 1 0

0.0 02 04 06 08 1.0
z, 0ry,

Liquid mixture with a negative

azeotrope. (1) chloroform and (2)
acetone at 35.17 C. Note that the
bubble point and the dew point lines
overlap. The dashed line shows the
results from Raoult's law.

The points where the bubble point and dew point lines cross, are called

e

e

~ P
~

azeotrope.
(2) acetone at 35.17 C.

z, 0ry,

Liquid mixture with

1 1 1 1
0.0 02 04 06 08 10

positive

(1) carbon disulde and

points. In this case distillation can not separate the components!

azeotropic
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What is the origin of the deviation from the Raoult's law?

o CH,
_ Hydrogen bonding between
CI_CI:_H o o_(f acetone and chloroform
Cl CH

This extra binding interaction lowers the vapor pressure from that p  redicted by the
Raoult's law. The maximum e ect is seen when there are equal amounts of t he
components (i.e. the middle of the bubble point line on previous sl ide).

A positive trend (i.e. the bubble point line is above the Raoult' s law prediction)
is observed when A { A and B { B interactions are stronger than A { B. Here A
and B are the components forming the binary mixture. If these deviat ions are large
enough, the system separates into two phases A and B.

Henry's law attempts to x the de ciency of the Raoult's at small mole fractions,
which are close to zero or one (i.e. nearly one component solutions). It co nsists of
the following linear approximation:

Pi = KX (6.382)

where K; is Henry's law constant for component i. Its value can be obtained from
plotting the ratio Pj=x; when x; approaches zero.
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Behavior of the partial pressures as a function of x; (the liquid phase mole fraction)
is shown below for Henry's law, Raoult's law and the experimental da ta (continuous
line):

Henry's law constants given in Pascals (25
C).
P, éfp ,ﬁgﬁ?&%;ﬁ nge / Gas Water Benzene
H> 712  10° 0.367 10°
/ N2 8.68 10° 0.239 10°
<&/ 02 440 10°
& co 579 10° 0163 10°
<\°/ CO, 0.167 10° 0.0114 10°
P, CHs 419 10° 0.0569 10°
v / — CoH, 0135 10° {
— qaot® CoHs 116 10° {
(ﬁ_/ ’ CoHe 3.07 10° {

Z4
The most common application of Henry's law is to calculate solubilit ies of gases in
liquids. In this case the amounts of dissolved gas is very small, which means that
its molar fraction in the liquid is small.

Example. Use the Henry's law constant, calculate the solubility of carbon diox ide
in water at 25 C in moles per liter at a partial pressure of CO > over the solution
of 1 bar. Assume that 1 L of solution contains approximately 1000 g o f water.
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Solution.  We apply Henry's law (Eq. (6.382)). Denote water by component 1 and
CO; by component 2. The partial pressure of CO > in the gas phase was given as:
P, =105 Pa. Now Eq. (6.382) gives:

=) 5
Xy = —2 = &:5;0 10 4
K2 0:167 10° Pa
By the de nition of mole fraction, we have:
X5 = [CO2] [CO2]
[CO2]+[H20] [H20]

) [CO2]= x2[H20]= 60 10 * 555molL ' =3:3 10 2molL !

Notes:

I The solubility of a gas in liquids usually decreases with increasing
temperature because heat is generally evolved in the solvation process.

I There are exceptions to this - especially with solvents like liquid ammo nia,
molten silver and some organic liquids.

I Solubility of an unreactive gas in a liquid is due to intermolecula r attractive
forces (van der Waals forces) between gas molecules and solvent molecules.

I Addition of electrolytes (i.e. ionic species) usually decreases solubility of
gases in liquids (\salting out").
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If the vapor pressure of a solute follows Henry's law, then we can insert Eq. (6.382)
into Eq. (6.360):

i(@= ;(9+ RTIn % (6.383)
At equilibrium  ;(g)= (l) (see Eg. (6.359)) and expanding the logarithm gives:
ih= i(9+ RTIn E; +RT In(x;)= ; (+ RT In(x;) (6.384)
I {z }

=M

where we introduced the standard chemical potential for species i in the liquid:
K .
()= ,(@+ RTIn Pf' (6.385)
Note that the above standard state is hypothetical because it correspon dsto x; =1
for the solute but it is still taken to be dilute solution. Even as suc h, this state
is useful as a reference. For this reason, dilute solutions are not the sam e as ideal

solutions.
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6.6 Activity coe cients

It is covenient to relate activity to liquid mole fraction:

ai = X (6.386)
where  is the activity coe cient for species i. With this notation, Eq. (6.361)
reads:
(= )+ RTINC ix) (6.387)
Note that when x; ! 1 then ; ! 1 because it approaches a pure liquid. For
positive deviations from Raoult's law, i > 1land ; < 1 for negative deviations.
Combining Egs. (6.364) and (6.386) we have:
P.
a= ix= oo (6.388)

From this expression, we can calculate the activity coe cient by using experi mental
data:
P,
= — (6.389)
Xi P,

For ideal gases we have P; = y;P and the above equation can be written in this
case:

yiP
i = 6.390
) ( )

Above the activity coe cient is written with reference to Raoult's law .
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Activity coe cients can also be expressed with reference to Henry's law. To see

this, we rst express the activity as a product of the activity coe cient (d

prime to di erentiate it from the activity coe cient with Raoult's |
)= i)+ RTIn X
By combining Egs. (6.359) and (6.360) we get:

_ P
= i@+ RTI -

Next recall Eq. (6.385): ()= ;(g9)+ RTIn g—i

By substituting the above two expressions into Eq. (6.391), the foll
form for Henry's law can be obtained:

P; = iOKiXi

This allows us to calculate the activity coe cient 0.
P.
0= —L v 1whenxi! 0
Xi Kj

Since P; = y; P, this can also be written as:
o_ YiP
XiKj

enoted by

aw reference):

(6.391)

(6.392)

owing modi ed

(6.393)

(6.394)

(6.395)
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What is the principal di erence between i and |°'>

i (Raoult's law reference ) has a reference state, which consists of an ideal solution.
The chemical potential corresponding to this standard state is denoted by ;.
iO(Henry‘s law reference ) has a reference state, where each molecule of the solute
has the same interactions that it experiences in very dilute solutions. T  he chemical
potential corresponding to this standard state is denoted by P -

Thus the only di erence is that they have di erent references states.

Example. Calculate the activity coe cients i for ether (component 1) and acetone
(component 2) in 1:1 ether-acetone solutions at 30 C. The experimental data are
given in the table below.

Table. Activity coe cients for acetone-ether solutions at 30 C. 1 = ether, 2 =
acetone. Pressure is given in kPa.
Raoult's law reference Henry's law reference
X2  P1 x1P4 1 P2 X2P, 2 K2x2 9
0 86.1 86.1 1.0 0 0 { 0 1.00

02 713 689 1.04 120 7.5 1.60 157 0.77
0.4 587 517 1.14 19.7 151 131 314 0.63
05 521 431 121 224 189 119 39.2 0.57
06 443 344 1.28 253 227 1.12 47.0 0.54
08 269 173 156 313 301 1.04 627 0.50
10 O 0 { 37.7 377 1.00 784 0.48
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Solution. At 0.5 mole fraction, the activity coe cients of the two components ar e
given by:

P1 _ 521 kPa _

1= = ———=1:21
x1Py 43:1 kPa
P 22:4 kP
= 2 - 76‘ =1:19
x2P, 18:9 kPa
Note that the Henry's law activity coe cient 0 can be calculated from the data

given in the previous table by extrapolating to x> = 0 when calculating K, = Pa2=x»
(see Eq. (6.382)).

What is the relation between ; and 2?

According to Eq. (6.364) the activity of a real solution is given by aj = Pi=P, .
Substitution of Eqg. (6.394) there gives:
iOK i Xj
a = 5 (6.396)
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With a = X this gives:

i (6.397)

Notes:

I For dilute solutions, the solvent is usually treated on the basis of dev iations
from Raoult's law and the solute is usually treated on the basis of d eviations
from Henry's law.

I Three di erent concentration scales can be used with Henry's law:

Pi = Kim; where m; is the molal concentration of i (mol / kg of solvent),
Pi = K¢ where ¢ is the molar concentration of i (mol /L of solution), or
Pi Kix; where x; is the (liquid) molar fraction.

I Since we mostly calculate di erences in a given thermodynamic variable, the
reference (= standard) state usualy cancels out. However, both initial an d

nal states must be expressed with respect to the same reference state.
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6.7 Colligative properties

Colligative properties: depression of freezing point, elevation of boil ing point, os-
motic pressure, and the lowering of the vapor pressure by a non-volati le solute.

The depression of freezing point

Consider an ideal mixture of solvent A and solute B (i.e. A is in excess of B). The
phase equilibrium between solid A and liquid A is given by Egs. (6.359) and (6.361)
(also note that for solids = and for ideal solutions a; = x;):

A(ST)= A(siT)= a(T)= A+ RTIn(aa)= A+ RTIn(xa) (6.398)

Solving for In( xa) we get:

A(S;T) A(I;T) - fus GA(I;T)
RT RT

where s G, is the Gibbs energy of fusion at temperature T.

In(xa) = (6.399)
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Next we assume that s H and ;s S are independent of temperature near
the freezing point of A (Eq. (3.176) and constant P):

fus H T
fus Gao = fus Ha T fus SA = fusHa T —A = fus Ha 1
Tfus; A Tfus; A
(6.400)
When this is substituted into Eq. (6.399), we have:
In(xA) - fus HA i 1 - fus HA Tfus; A T
R T Tfus; A R Tfus; AT
(6.401)

Next we relate xp to Xg by xa =1 xg (also T Tiys; a):

fus HA fus HA Ts
In(xa)=In(1 xg) — Trus: T = —>—— (6.402)
Rszus; A | é—} Rszus.; A
= Tf

This expression can be approximated by using the Taylor expansion of In (1 x):
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In(1 x)= x %xz %x3 :when  1<x< 1 (6.403)

x when higher order terms are ignored. Here x 0

With this approximation, Eq. (6.402) can be writteln as:

RT2..
T = —USA L (6.404)
fus HA

Where T; indicates the change (i.e., depression) in freezing point. In this contex t
the concentration is often given in terms of molal concentrations m (i.e., moles of
solute per kg of solvent; not mass here!) and M in kg mol 1. The relationship
between molal concentration and mole fraction for B is:

ng ng=(Mana) mg

Xg = = = mgM 6.405
BT ha+ng  (na+ng)=(Mana) 1=Mp + mg Bl ( )

where M, is the molar mass of A. The last approximation applies to dilute so Ilu-
tion. Substitution of Eq. (6.405) into (6.404) gives (K is called the freezing point

constant ):
RTZ. ~Mamg RT2. ~Ma
Tz U AR TP - K mp with Ky = —USEATR

(6.406)
fus HA fus HA
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The elevation of boiling point

By using analogous approach to obtain the depression of freezing point , we can
obtain the following expressions for the elevation of boiling poin t:
RTZ . RTZ . ,Ma
Tp= — YA o = Kpmg where Kp = — @A77 (6.407)
vap H A vap HA

Example. Denote the solvent by A and the solute by B. Derive an expression for
the molar mass of B in terms of ( Ky, Tp)or (K¢, T¢). Assume that the mass of
B dissolved in A and the total weight of the solution are given and tha t the solution
is dilute in B.

Solution.  Since the solution is dilute in B, we have approximately mass(A)
mass(A + B), where mass(A) is the mass of solvent A (kg) and mass(A + B) is
the mass of the solution containing both A and B. Since mg = \moles of solute
molecules dissolved" / \the total mass of the solvent", we can write:

ng ng
mass (A) mass (A + B)

On the other hand we have:

Tp= Kpmg or T; = Kfmp
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By combining the above equations, we get:

T T
ng = _t mass(A+B)or ng = _b mass (A + B)
K¢ Kb
m B K m B
) MW.of B= mass(®) _ Ki ~_mass®) units of kg mol !
ng Tt mass(A + B)

This allows for determination of the molecular mass of B experimental ly provided
that the constants K; (aka. cryoscopic constant) or Ky (aka. ebullioscopic constant)
are known. Their values for few selected solvents are shown below.

Table. Cryoscopic and equlliscopic constants for selected solvents.

Solvent Ki (Kkgmol 1) Ky (Kkgmol 1)

Benzene 5.12 2.53
Camphor 40 {
Phenol 7.27 3.04

Water 1.86 0.51
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6.8 Two-component systems consisting of solid and
liquid phases

When a solid solute (A) is left in contact with a solvent (B), it dissolves un il
the solution is saturated. In this case saturation is a state of equili brium with the
undissolved solute in equilibrium with the dissolved solute. Therefore,i n a saturated
solution the chemical potential of the pure solid solute (A (s; T)) and the chemical
potential of A in solution (A (l;T)) are equal. The derivation below is essentially
the same as given earlier in Egs. (6.398) through (6.401).

By using Eq. (6.369), we can write for A:
A(LT)= A(ET)+ RTIn(xa)
Because there is equiblirum between the solid and dissolved forms of A, we ha ve:

A(bT)= a(sT)
Furthermore, pure solids have chemical potential equal to that of sta ndard state:
A(siT)= A(siT))  A(ET)= A(s;T)
Inserting this into the rst equation, we get:

Al(sT)= A(ET)+ RT In(xa)
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If we solve for In( xa ), the expression becomes (with G=H TS):

A(SiT) ALT) - fus Gp - fus Hp 4+ _fus S
RT RT RT R

Note that above refers to the standard state of A (1 bar pressure and pure solute).

In(xa)=

At constant P and T, we can use Eq. (3.176) and replace ;5 S:

fus HA fus HA fus HA
fus SA = ——) In(Xa)= +
s Tfus; A RT RTfus; A
fus Hy 1 1
) In(xa)= —— =
R T Tfus;A
Solving for xa gives:
fus Hy 1 1
Xa = exp s = (6.408)
R T Ta ;fus

This expression gives the solubility of A in B as a function of temperatu re when
fus Hp is known.



Chapter 7: Electrochemical equilibrium

\An understanding of the conversion of chemical energy to electri cal energy is
important for work with batteries, fuel cells, electroplati  ng, corrosion,
electrore ning and electroanalytical techniques".
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7.1 Coulomb's law, electric eld, and electric potential

The force f~ between two point charges (denoted by 1 and 2) is given by the
Coulomb's law:

p= b QR (7.409)
4 o r?
where:
r = distance between the charges
Q1 = charge of particle 1
Q2 = charge of particle 2
o = permittivity of vacuum (constant; 8.854 187 817 10 2 C2N 1m ?)
r = relative permittivity (dielectric constant) of the material (solid , gas, etc.)
t = unit vector connecting charges 1 and 2.

When only the magnitude of the force is considered, the above equatio n becomes:
Q2
4 ¢ ,r2

The electric eld strength at point 1 is given by the ratio between force an  d the
charge Q1:

f= (7.410)

E= (7.411)
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For each well behaved vector eld (i.e. conservative) there is a potential such
that:
E= (7.412)
Note that here = (x;y;z) and E is a vector- eld with components ( Ex(x;y;z),
Ey(X;y;2), Ez(x;y;2)). Gradient ( ) is an example of a vector operator:
- @ 0o
@X @y @z

Example. Calculate the gradient vector for function f(x;y;z)= x2+ y2+ z2 and
nd the point where the length of the gradient vector becomes zero.

Solution.  Calculate the partial derivatives of f with respect to x, y and z:

eft_, @f_,  af
@X—Zx, @y =2y @z =2z

) Ff=(2x;2y;2z): When x=0;y=0;z=0; then rf =0:

Note that function f has its (global) minimum at this point.
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De nition of 1 Volt (V): In presence of the electric eld (from Q2), the dierence

between the electric potential at two points is equal to the work per uni t charge
required to move a charged test particle from one point to the other. T hus1V =1
J C 1. The choice of zero potential is arbitrary but is usually chosen to cor respond
to in nite separation of charges.

The electric potential at point r is the work required to bring a unit positive
charge from innity to  r. Combining Egs. (7.409) and (7.412) and integrating from
innity to  r gives:

7"
dar®
= -2 a7 Q (7.413)
4 or 1 re 4 orr
In electrolyte solutions we have electroneutrality condition:
Ne
nizi =0 (7.414)

where Np is the number of phases, n; is the amount of ions in phase i and z; eis
the charge of ions (e = charge of one proton; 1.6022 10 19 C). The charge z; is
positive for cations and negative for anions. For a phase to have a n on-zero electric
potential, there must be a small deviation from Eq. (7.414) but these  deviations
are small and we can still say that it holds (to good approximation ).
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7.2 Equilibria involving potential di erences

Recall Eq. (2.95): dw = dQ ( = potential, dQ = di erential charge)

Ps [
Recall Eq. (4.220): dG = SdT + VdP + Odn; + 1 dQ;
i=1 i=1

The change in total charge Q is given by:
dQ;i = zFdn; (7.415)

where z; is the charge of speciesi, F is the Faraday constant ( F = N €; 96485.309
C mol 1), dn; is the change in the number of ions (mol) and | is the electric poten-
tial of the phase containing species i. The prime on the chemical potential signi es
the fact that it is the pure chemical potential (i.e., not including the electrical work).
Note that z; is dimensionless where dQ has units of C.

By combining Egs. (4.220) and (7.415) we get:

Xs s Xs
dG = SdT+VdP+ %ni+F  z idnj = SdT+VdP+ O+ Fz; i dn;
i=1 i=1 i=1 | Z—
(7.416)
This means that the chemical potential i can be taken to contain the electrical
work as well: = i0+ ZF | (7.417)
The equilibrium condition Eq. (6.347) still applies: i( )= i( ) forspeciesi and

phases and
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7.3 Equation for an electrochemical cell

Galvanic cells : Electrochemical cells where chemical reactions occur spontaneously .

Examples of galvanic cells: Zn/MnO , and Zn/Ag 203 cells used in watches etc.;
H2/0O , fuel cell used in spacecrafts.

Electrolytic cells : Electrochemical cells where a chemical reaction is driven by an
external potential di erence.

Examples of electrolytic cells: Pb/PbO 2/H 2S04 cell used in automobile batteries
etc.; commercial production of chlorine and aluminum; electrore ning of copper.

Cathode is the electrode where the reduction occurs:

Ox + ne = Red (7.418)
Anode is the electrode where the oxidation occurs:

Red = Ox + ne (7.419)

In galvanic cell: + = Cathode (reduction) and = Anode (oxidation).
In electrolytic cell: + = Anode (oxidation) and = Cathode (reduction).
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Battery Battery Battery

=]

oo [
Cathode Anode

reduction =" oxidation

Cathode
oxidation (A=~ reduction

Galvanic cell Equilibrium Electrolytic cell
(no current)

Determination of the potential di erence between two electrodes by a potent  iometer.

a) Galvanic cell : the external potential V (battery + variable resistor) is less
than the cell potential E. The process is spontaneous (i.e. proceeds without
the help from the battery).

b) Equilibrium : the external potential V© (battery + variable resistor) is equal
to the cell potential E. Note that now no current ows in the system.

c) Electrolytic cell : the external potential V %0 (battery + variable resistor) is
greater than the cell potential E. The process is nonspontaneous (i.e. driven
by the battery).

Notes:

I Voltage is the energy di erence per charge (electron) (V = J / C).

I Current is the number of charged particles (electrons) owing per second (A
=C/s). SinceV=J/Cthen e V (eV for short) is an unit energy
(electron volts).
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Cells without junctions:

Examples:
Castng Pt(s) j H2(g) j HCI(ag) j AgCI(s) j Ag(s)
e PY(s) | Ha(g) | HC(aq) j Cl2(9) | PX(S)
Galvanic cell without junction.
Cells with liquid junctions:
Salt bridge Examp|e5:

Zn(s) j Zn} (aq) : Cuj (aq) j Cu(s)

Zn(s) j Zn} (aq) : Zn} (aq) j Zn(s)

Ag(s) j AgCI(s) j Cl (aq) :: Ag ™ (aq) j Ag(s)
: = liquid junction

;1 = salt bridge

Zn|
ZnCl, in H,0

Galvanic cell with junction (Daniel
cell).



An example of liquid junction:

| Zn Cu
2
Zn* (aq) Cu* (aq)
SO,* (aq) SO,* (aq)

Daniel cell with a diaphragm.

An example of salt bridge:

Salt bridge

Zn
ZnCl,in H,0

Galvanic cell with junction (Daniel
cell).
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The liquid compartments have been
separated by a diaphragm, which lets only
the ions through but does not let the two
solutions to mix.

The liquid compartments have been
separated by a salt bridge, which lets only
the ions through but does not let the two
solutions to mix. The bridge can be a U-tube
lled with NaCl electrolyte, for example.
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The electromotive force (EMF) of a cell is denoted by E (V) and it is de ned by:

d( Wel)
P=———-=EI 7.420
it ( )
where wg is the electrical work done by the system (negative), P is the rate at
which chemical energy is converted to electrical energy (W) and | is the current

(A).

Task: What is the relation between the electromotive force in a cell and the chem ical
potentials (or ion activities) in the cell?

To do this, lets consider an example (L = left, R = right):
PtL j Ha2(g) j HCI(aq) j AgCI(s) j Ag(s) | Ptr

Note that the convention is that reduction takes place on the right e lec-
trode and oxidation occurs in the left electrode.

The electrode reactions are:
2AgCI(s) +2e (Ptr) =2Ag( s)+2Cl (aq) (reduction) (7.421)
H2(g)=2H * (ag)+2 e (Pt_) (oxidation) (7.422)
By combining the above, we get:
H2(g) + 2AgCI( s)+2e (Ptr)= 2|H * (ag) EZCI (aq} +2Ag(s)+2e (PtL)

2HCI( aq)
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Consider a cell without any external connections to the electrode (see, for exa mple,
the previous galvanic cell without liquid junction example; i.e. op  en circuit). For
such a system in equilibrium, we must have (similar to Eq. (6.347)):

2 (HCl;agq)+2 (Ag;s)+2 (e ;PtL )= (H2;0)+2 (AgCl;s)+2 (e ;Ptgr)
(7.423)
Each chemical potential here is given by Eq. (7.417): i = i°+ zZiF

For all neutral species (HCI, Ag, H 2, AgCl) ; = io becausez; = 0.
Right electrode: (e ;Ptg)= 9%e ;Ptgr) F Rr
Left electrode: (e ;Pt )= 9Ye ;Pt.) F L

Now Oe ;Ptg)= 0O ;Pt_). To see this, consider that the left and right elec-
trodes are in contact (i.e. L = Rr) and we have equilibrium (e ;Ptgr) =
i (e ;Pt_). By considering the above two equations with these conditions, we get

Xe ;Ptr)= e :PtL).

By plugging these results into Eq. (7.423), we get:

2 (HCl;ag)+2 (Ag;s) 2F (= (H2;0)+2 (AgCl;s) 2F r (7.424)
or2 (HCl;aq)+2 (Ag;s) (Hz2;9) 2 (AgCl;s)=2F( . Rr)

For a \normal" chemical reaction (H 2(g) + 2AgCI( s) = 2HCI( aqg) + 2Ag( s)), we
would have:
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rG=2 (HCl;aq)+2 (Ag;s) (H2:9) 2 (AgCl;s)

By combining this with Eq. (7.424), we get:
rG= 2F( R L)= 2FE with E= g L (7.425)

Note that E is considered here in the limit of zero current. Since r G depends on
pressure and temperature, the cell potential di erence dependson P and T as well.
Also the concentration of HCI a ects the the potential di erence.

Although the above derivation applies only to a special case, it is clear that the
general equation corresponding to Eq. (7.425) is:

+G= | VejFE (7.426)

where ve is the number of electrons transferred (\charge number”). Note that
when the right-hand side electrode has a more positive potential tha n the left-hand
electrode, the electromotive force E for the cell is positive. If E is positive, (G
is negative (Eq. (7.426)) and the cell reaction is spontaneous at const ant P and T.
According to Eq. (7.425) this occurs when g > .

By combining Egs. (5.297) and (4.255) with (7.426), we get:

0 1
%S %5 VS )
i Ve]FE= (G= Vi i +RT  viln(a)= j VeJFE +RTIN@ a’ A
i=1 i=1 i=1
| —z—}
i VelFE

(7.427)
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where E is the standard electromotive force of the cell (i.e. the EMF when the
activities of all components are one).

Eq. (7.427) is called the Nernst equation and is usually written as ( Q = reaction
quotient):
0 1

RT * = E}’|:{3 % RT
z
E=E —— In@ a'sA = E ——— In(Q) (7.428)
jve] F i=1 jvej F
At 25 C this can be written:
83145 JK 1 mol 1 (298:15K 0:02569
E=E e ( T ) In(Q)= E  ——1In(Q) (7.429)
jVej 96485 C mol JVel

At equilibrium no electrons ow between the electrodes (i.e. E =0) and we have:
RT jve] FE
= ——In(K)or K =exp WelPE
jvej F RT

where K is the equilibrium constant for the cell reaction.

(7.430)
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Example. Three di erent galvanic cells have standard EMFs E of 0.01, 0.1 and
1.0 V at 25 C. Calculate the equilibrium constants of the reactions that occur in
these cells assuming the charge number jvej for each reaction is unity.

Solution.  Use Eg. (7.430) to get the equilibrium constants:

96485 C mol 1 (0:01 V)

=1:476
8:3145 JK I mol ! (298:15 K)

K (0:01 V) = exp

K (0:1V) =49 :0
K(1:0V)=8:02 10°

Example. Fuel cell is an electrochemical cell, which
typically uses O 2 and H, gas to produce electricity.
Note that this approach provides higher e ciency than
just a simple combustion process involving O 2/H 2
where the heat release reduces the amount of work
obtainable from the system (the rst law of thermo-
dynamics).
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7.4 Activity of electrolytes

Electrolytes have to be treated in a di erent way from nonelectrolytes beca  use they
dissociate. However, the ions cannot be studied separately because the condit ion of
electric neutrality applies.

For electrolyte solutions, it is customary to use the molal scale (instead  of molar).
The unit of molality is mol kg ! (for molarity mol L 1). Conversion between the
systems can be carried out by multiplication / division by the solvent den  sity (kg
L 1). Note that molality does not change as a function of temperature ~ whereas
molarity usually does.

On the molality scale, the activity of a solute is given by (compare wi  th Eq. (6.386)):
imj

aj = 7.431
= (7.431)
where a; denotes activity, ; activity coe cient, m; molality and m standard
molality (1 mol / kg of solvent). For dilute solutions we have:
im =1 (7.432)
m;! 0
Addition of an in nitely small amount of an electrolyte to one kg of solvent, yields

a small change in the Gibbs energy:
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dG= .dms + dm (7.433)

Note that we cannot add cations or anions separately, we always get b oth when an
electrolyte is added to the solvent.

Electrolyte Substance that dissolves to give an ionically conducting solution.
Non-electrolyte Substance that dissolves to give a solution that does not conduct
electricity.

Strong electrolyte Substance that dissolves completely, or almost completely to
given an ionically conducting solution.
Weak electrolyte Substrance that dissolves only to a small degree.

Consider a strong electrolyte A v, By where v, is the number of cations and v is
the number of anions. The overall electroneutrality condition for th e solution gives:

m= T M (7.434)
V4 \"
Inserting this into Eq. (7.433) gives:
dG =(v+ + +V )dm = dm (7.435)
where = vy + +V

Here is the chemical potential for the electrolyte, which can be determined exp er-
imentally.
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Note: In the following we will omit the standard state value  m from expressions.
This results in simpli ed expressions but it will give inconsistent units! For example,
m;=m becomes now just m;.

The chemical potentials for cation and anion are given by:

+= 4 +RTIn( +m+) ( , std state chemical potential for cation) (7.436)

= + RTIn( m ) ( std state chemical potential for anion) (7.437)

Combining Egs. (7.436) and (7.437) gives:

= Ve o,V +RTIn " Y m{*m" (7.438)
To make the logarithm argument proportional to m, we de ne the mean ionic
molality m and the mean ionic activity coe cient (with help of Eq. (7.434)):
1=v 1=v
m = my*m’ = vt (7.439)
1=v
= (7.440)

V = VgtV (7.441)

Using these de nitions we can rewrite Eq. (7.438) as:



314

= +v RTIN( m) (7.442)
with aa,, 8, =( m )’ = " m" vV
where Ay, By s the electrolyte activity. The standard chemical potential of

the electrolyte is the chemical potential in a solution of unit activi  ty on the molality
scale.

Examples. What are the mean ionic molalites m of NaCl, CaCl 2, CuSO4 and
LaCl3?

Solution. NaCl: 1 - 1 electrolyte and hence Eq. (7.439) gives m = m. Here m is
the molality of the electrolyte.

CaCly: 1 { 2 electrolyte and hence Eq. (7.439) gives m =41"3m,
CuSO4: 1 {1 electrolyte and hence Eq. (7.439) gives m = m.
LaCl3: 1 { 3 electrolyte and hence Eq. (7.439) gives m =271"4m.
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7.5 Debye-Hsckel theory

Electrolytes containing multiply charged ions (for example, Cu 2*) have greater
e ect on the activity constants of ions than singly charged ions (for ex ample, H*).

To account for this, we de ne ionic strength | (G. N. Lewis):
1 %S 2 1 2 2 2
I = 5 m;z{ = > M1zf + M22z5 + 1+ My Zy, (7.443)

i=1
where m; is molality of ion i and z; is charge for ion i in units of jej (signed quantity).

Why is the activity of ions reduced in a solution?

On average “+" has more negative On average “- “ has more positive
charges around. This shields “+” charges around. This shields “- “
and reduces its activity. and reduces its activity.

Note that because the Coulomb interaction has long range, it is nearl y impossible
to prepare dilute electrolytic solutions.
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In 1923 Peter Debye and Erich Hsckel were able to show that for dilut e solutions

the activity coe cient

i of ion i with a charge number z; is given by (for details,

see Phys. Z. 24:185, 305 (1923)):

Peter Debye, Dutch
chemist (1884 - 1966),
Nobel prize 1936.

Erich Hsckel, German
chemist (1896 - 1980).

p_
log( i)= Az? I (7.444)
where | is the ionic strength given by Eq. (7.443) and:
1 2N aAMgopy 1=z e’ 372

A= (7.445)
2:303 v 4 o (kT

Here mgqy is the mass of solvent in volume V and | is the
relative permittivity of the solvent, Na is Avogadro's num-
ber (6.022137  10%® molecules / mol), e is the electron
charge (1.6021773 10 1° C), ¢ is the vacuum permittiv-

ity (8.8541878 10 2 AsV 1m 1),

To take the mean of ion activities, we rst take logarithm of
Eq. (7.440):

log( )= ﬁ(w log( +)+ v log( )) (7.446)

Substitution of Eq. (7.444) into (7.446) gi\{es:

viz2 +v 22 p_
og( )= A SETVE Py (7.447)

Vi +V
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By using the total charge neutrality v.+z+ = v z , we get:

log( )= Azs+z pT (7.448)
where z has the sign corresponding to the ion.
Example. Use the Debye-Hsckel theory to calculate 4, , and ayac) for

0.001 molal sodium chloride in water at 25  C. Density of water is about 0.997 kg
L 1. The relative permittivity of H O at this temperature is 78.54.

Solution.  Egs. (7.443), (7.444) and (7.445) give:

A= 1 2N A Mgl 1=2 e? =2
2:303 v 4 o (kT
.
1 2 6022 10®mol ! (997 kg) -
~ 2:303 (1:000 m3)

1:602 10 ¥ cC?
4 8854 10 12 Asv m 1 (78:54) 1:3861 10 23JK 1 (298:2 K)

=0:509 kg**?mol 172

1
| = > 0:001molkg T ( 1)2+ 0:001molkg ' (1)2 =0:001 mol kg !
log( +)=log( )= Az? Pro az2PT= os09 kg'¥?mol 172 ( 1)?
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0:001 molkg = 1:610 10 ?) ., = =0:964
Next Eq. (7.448) yields:

log( )= Az+z pT: 0:509 kg2 mol 172 (1) ( 1) (0:001)}72

) =( + )¥%=0:964
anacl = m? 2 =(0:001%)(0:964)> =9:29 10

Note: The Debye-Hsckel law, Eq (7.444), works well up to ionic strengths  about
0.01. However, large deviations between experiment and Eq. (7.444) ar e observed
already at this ionic strength when ions have high charges (greater t han 4). This is
because Eq. (7.444) is an approximate result.

At high ionic strengths the following empirical relation is often u  seful (extended
Debye-Hsckel equation):

p—
Az, z |
lo = = 7.449
g( ) 1+ 871 ( )
or log( i) = Aziz !
9t = 178"

where B = 1:6 kg'=2mol 172 at 25 C.
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Determination of activity coe cients using an electrochemical cell:

Consider the following reaction:
1
5H2(9) + AgCI( s) = HCI( aq) + Ag( s)

The charge number in this reaction is one and the EMF i§ given by Eq.  (7.428):

RT
E=E —in poHd__ (7.450)
F PH2=P

where we have assumed H, to be an ideal gas. If the pressure of hydrogen is 1 bar
and Eq. (7.442) is introduced, we get:

2:303RT
E=E ?Iog m? = E  0:05916log 2 m? (7.451)
where is the HCI mean ionic activity and m is HCI molality. The last step was

obtained at 25 C.

Eqg. (7.451) contains two unknowns, but they can be determined from a ser ies mea-
surements of the cell EMF with di erent HCI molalities. Rearranging Eq. (7.451)
gives:
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E +0:1183log(m)= E  0:1183log( ) (7.452)

Plotting E + 0:1183log(m) against m and extrapolating to in nitely dilute HCI
solution (i.e., m! 0 and I 1) gives an experimental estimate for E . This
equation can be combined with the extended Debye-Hasckel law to give bett  er results
at higher ionic strengths. After determining E , Eq. (7.452) can be directly used
to obtain

Table. Mean ionic activity coe cients in water at 25 C.

m (mol kg 1) HCI LiCl NaCl CsClI

0.01 0.905 0.904 0.902 0.899

0.02 0.875 0.873 0.870 0.865

0.05 0.830 0.825 0.820 0.807

0.10 0.796 0.790 0.778 0.756

0.20 0.767 0.757 0.735 0.718

0.40 0.755 0.740 0.693 0.628

1.0 0.809 0.774 0.657 0.544

2.0 1.009 0921 0.668 0.495

3.0 1316 1156 0.714 0.478

4.0 1.762 1510 0.783 0.473

5.0 2.38 2.02 0.874 0.474
In general, if activity coe cient is greater than one, positive deviation from Raoult's
law occurs (A-A/B-B interaction stronger than A-B), otherwise negative deviation

occurs (A-B stronger than A-A/B-B).
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7.6 Determination of standard thermodynamic
properties of ions

According to Eq. (7.430) the standard EMF ( E ) can be determined from:
rG = j VejJFE = RTIn(K) (7.453)

If we consider reaction:

1

5H2(9) +AGCI( s) = HCI( aq) + Ag( s)
The equilibrium constant for this reaction is given by:

96485 C mol 1 (0:2224 V)

K =exp T : = 5745 (7.454)
8:3145 J K “mol (298:15 K)
a .
K = pL (H, ideal gas)
F’H2 =P
If the standard EMF of a cell is measured as a function of temperature, then 'S,

rH and C;, can be calculated using the following relations (see Egs. (2.112),
(4.221), H = G+ TS, and (7.453)):
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- @E
S = F — 7.455
r JVe] @T » ( )
. L E
rH = j ve]FE + jvejFT % . (7.456)
o @E
Cp = FT — 7.457
rCp = Vel @F , ( )

Notes:

1. These standard thermodynamic properties have been expressed with respect
to a hypothetical standard state where the electrolyte has molality o f 1 mol
kg ! and the interactions for the resulting ions correspond to in nite di  lution.
For example, the true activity of 1 mol kg 1 HCI solution is less than 1.

2. The standard thermodynamic properties have been tabulated (see the NI ST
online database). The standard state for strong electrolytes is assumed t o
consists of completely ionized (for example, HCI, NaCl, etc.). For weak elec-
trolytes, usually two dierent standard states are given: fully ionized and
un-ionized (not dissociated).

3. The experiments can not measure individual ions separately (electroneutr  ality
condition). However, by using a convention: G H*)= (H H")=0,
the properties of other ions can be calculated.

4. For strong electrolytes the standard Gibbs energy of formation can be o b-
tained by summing the corresponding formation energies for the ions.
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Example. Calculate the standard molar entropy of chloride ion in aqueous so lution
at 298.15 K starting with the Gibbs energy of formation ( 131:23 kJ mol 1) and
the enthalpy of formation (  167:16 kJ mol 1). S (H2(g)) = 130 :68 J/(K mol) and

S =223:07 J/I(K mol).

Solution. Byusing" G=H TS\ we can calculate ¢S :

H (Cl G(Cl 167:16 kJ mol 1! 131:23 kI mol !
(sl )= (cl ) 1GE ) _

T 298:15 K

= 12051JK 'mol !

Consider the following reaction: %Clz(g) +e =Cl (aq)
Now we can write: ¢S (Cl )= S (Cl ) 3S (Cl2) S (e)
where S (e )=1=2 S (H2(Q)) because 2¢ +2H* =H ,. Thus we can write:

1
sl )= s cl +§s (Cla)+S e = 12051JK 'mol !

! !
223:08 JK mol 1 . 13068 JK 1 mol !

2 2

=56:36 JK ! mol !
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It should be remembered that the tabulated data (e.g. the NIST databa  se) gives the
properties in the limit of zero ionic strength. At higher ionic strengt hs the extended
Debye-Hsckel law must be used. Some quantitative expressions are as fo llows:

(G ()= (G (! 0 RTIN( ) (7.458)
" #
_ 2 @ fGi (|)=T
Hh= TP = (7.459)

P

rG and H can be obtained by using the above expressions and Egs. (2.139)

and (5.321).
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7.7 Standard electrode potentials

Standard electrode potentials can be used to calculate the EMF of a given elec-

trochemical cell. The standard electrode potential of a cell can be obtain ed with
hydrogen electrode on the left and all components at unit activity. Fo  r example:

SH2(0) + AGCI( 9) = HCI( aq) +Ag( 9)

which can be measured to be 0.2224 V. Also the hydrogen electrode contrib ution is
taken to be (arbitrarily) zero:

H" (ag)+ e = %Hz(g) with E =0V
Thus the only contribution to the cell potential is only from the r eaction:
AgCI(s)+ e =Ag(s)+Cl (ag)with E =0:2224V
Note that these reactions are written as reduction reactions and therefo re E can

also be called reduction potential. A brief listing of various standar d electrode
potentials are given in the following table:
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Table. Standard electrode potentials at 25 C.

Electrode E (V) Electrode reaction

F jFa(g) ] Pt 2.87 12)F ,(0)+ e =F

Aud j Au 1.50 @3)Au 3 +e =Au

Pb2* | PbO 5 j Pb 1.455 (1/2) PbO o, +2H* + e =(1 =2)Pb Z* +H ,0
Cl jCla(g) | Pt 1.3604 (1/2) Cl ,(g)+ e =Cl

H* j 02(g)j Pt 1.2288 H * +(1 =4)05(g)+ e =( =2H,0
Ag* j Ag 0.7992 Ag t+e =Ag

Fe3* Fe?t j Pt 0.771 Fe 3 +e =F 2

I jla(s)j Pt 0.5355 1 =2)0,+e =1

cu* jcu 0.521 Cu*+e =cCu

OH jO2(g)j Pt 0.4009 (1/4) O (g)+(1 =2H,0+ e =OH
cu?* jcu 0.3394 @2)cu % +e =(1=2cu*

Cl  j Hg2Cla(s) j Hg 0.268 (1/2) Hg 2Clp + e =Hg+Cl

Cl  j AgCI( s) j Ag 0.2224 AgCl+ e =Ag+Cl

cu? ,cut jpt 0.153 Cu ® +e =cCu+

Br j AgBr( s) j Ag 0.0732 AgBr + e =Ag+Br

H* j Ha(g) j Pt 0.0000 H*Y+e =(1=2H,

DY jDa(g)j Pt 00034 D' +e =(=2D;

Pb2* | Pb 0.126 2)Pb 2 +e =(1=2)Pb

sn?* j sn 0.140 (2)sn % +e =(1=2)sn

Ni2* j Ni 0.250 (/2)Ni 2 +e =(1 =2)Ni

cd?* jcd 04022 (1/2)cd %" +e =(1 =2)cd

Fe?* | Fe 0.440 (2)Fe 2 +e =(1 =2Fe

Zn?* j zn 0.763 2)zn 2 +e =(1=22n

OH jHa(g) | Pt 08279 H,0+ e =(1 =2)H »(g)+OH

Mg 2* j Mg 237 @2)Mg 2 +e =(1=2Mg

Na* j Na 2.714 Na* +e =Na
Li* jLi 3.045 Lit+e =L
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The cell EMF E can now be expressed as a di erence between the right and left
electrode potentials:

E=Egr E_andE =Ep E, (7.460)

Note that given the data in the previous table, it is now possible to  use the Nernst
Eq. (7.428) to obtain E for a cell when the concentrations or partial pressures are
given. Furthermore, the table data indicates the polarities for th e electrodes and
can be used for obtaining the equilibrium constants ( K) via Eq. (7.430).

Rules for using the table data:

1. The half-cell reactions are written as reduction reactions. Consider, fo r
example, a cell consisting of Pt j H2(g) j HCI(aq) j Cl2(g) j Pt. The half-cell
reactions are:

Right: Cl ,(g)+2e =2ClI with Eg =1:3604 V
Left: 2H™ +2e =H»(g) with E_ =0:0000 V
2. Both reactions must be written with the same number of electrons. Note

that E does not depend on jvej.

3. The standard EMF for the cell ( E ) is obtained by using Eq. (7.460). In the
above example this gives E =1:3604 V  0:0000 V = 1:3604 V. The overall
reactions is:

Ha(g)+Cl 2(g)=2H * +2Cl  with E =1:3604 V
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4. If, under the standard condition, the standard EMF is positive, the reaction
will spontaneously go from left to right. In this case the right electro  de is
positive (+) and the left electrode negative ( ) when the cell is operated as
a galvanic cell.

5. If, under the standard condition, the standard EMF is negative, the reaction
will spontaneously go from right to left. In this case the right electro  de is
negative () and the left electrode positive (+) when the cell is operated as
an electrolytic cell.

6. The equilibrium constant for the cell can be obtained by using Eq. (7.4  30).

7. The cell EMF under non-standard condition can be obtained by using the
Nernst equation (Eq. (7.428)). Note that if the cell has a liquid ju  nction,
the Nernst equation must be written in terms of ion species (see the
following example).

Example.  Consider the following galvanic cell: Zn( s) j Zn?* : Cu?* j Cu(s)
where :: denotes a liquid junction ( T = 298.15 K). Assume that Cu 2* and Zn?*
have identical ionic strengths on both sides of the liquid junction.

(a) What is the cell reaction?

(b) What is the standard EMF for the cell?

(c) What is the value of the equilibrium constant?

(d) What is the expression for the equilibrium constant in terms of ion concentra-
tions?

Solution. Parts a) and b). The electrode reactions are:
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Right electrode: Cu? +2e =Cu(s) Egr =0:339V

Left electrode: Zn2* +2e =27n(s) E = 0763V

Overall reaction:  Zn( s)+Cu ?* =zZn?" +Cu(s) E =E; E =

0:339 vV ( 0:763 V) =1 :102V
Thus Zn is oxidized (left) and Cu 2* is reduced (right).
Part c.
Eq. (7.430) gives:
!
jvej FE 2 96485 Cmol 1 (1:102V
K=exp NeIT5  —gyp ; 1( ) =1:80 10%
RT 8:3145 J K + mol (298:15 K)

Part d. Solids have activities of one and hence (using Eqgs. (7.431) and (7.4 44)):

_a zn?** a(Cuis)) _ a zn* _ Zn?* m zn%* Zn?*
" a cu? a(n(s) a Cu? = cu® m cu* Cu?*
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Example. Demonstrate with the Cu/Cu * /Cu 2* sequence that the value for E for
the reacton Cu2* +2e ! Cu (E, =+0 :339 V; reaction #1) cannot be obtained
simply by summing the E values from reactions Cu* + e ! Cu (E, =+0 :521
V; reaction #2) and Cu 2* + e | Cu* (E; =+0 :153 V; reaction #3).

Solution.  The correct way to proceed is to consider the standard reaction Gibbs
energies ( G ):

Reaction 1 (jvej=2): G, = | VeJFE = 0678 F
Reaction 2 (jvej =1): G, = j VeJFE = 0521 F
Reaction 3 (jvej=1): Gz = | VeJFE = 0153 F

Thus I'G]_: rGZ+ rG3 but E16E2+E3.
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Notes:

1.

If the solvent is involved in the reaction, the solvent is usually treat  ed on the
mole fraction scale rather than the molal (or molar) scale. In this case the
equilibrium constant expression can be written as:

m;i Mi Vi

m

K= xaxa " (7.461)

i6A
where A denotes the solvent, . o Is its activity coe cient on the mole fraction
scale, m; Iis the activity coe cient of reactant i on the molal scale and m
is the standard state molality (1 mol kg ). For dilute solutions Eq. (7.461)
can be written approximately as:

mi Mj Vi

K = —_— (7.462)

i6A m
Even though the solvent is left out from the equation, the Gibbs energ y of
formation of the solvent must be included in calculating ¢ G for the reaction.

. Some species in aqueous solution may be listed in thermodynamic tables i n

more than one way. For example, NH 3 vs. NH40OH or CO ; vs. H2CO3. In
many cases we don't know the extent of hydration because of the di culty in
distinguishing the species in solution. The convention in the NBS tables s that

tG = tH = S =0 for hydration reactions B+ nH>0O =B(H 20)n
where B denotes the species in question. This means that either one of the
pair can be used in the calculations.
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7.8 Determination of pH

The concentrations of hydrogen ions (H *) in agueous solutions (in form of H 30*)
range from about 1 mol L ' (1 M HCI) to about 10 14 mol L ! (1 M NaOH).
Because of the wide range of concentrations an exponential scale is used (S<oren
Serensen, Danish biochemist, 1868 { 1939). The exponential scale is de ned (pH

scale):
pH = log(ay+) (7.463)

Strictly speaking, the activity of a single ion cannot be determined, b  ut pH meters
are calibrated with bu ers for which the  pH has been calculated using the extended

Debye-Hsckel equation (Eq. (7.449)).

pH may be measured with a hydrogen electrode connected with a calomel electrode
through a salt bridge:

PtjH2(g)jH" (ag) : CI (aq)jHg,Cl2(s)jHg
Often the contribution of the liquid junction is negligible to th e cell EMF and we

can calculate E for the cell (0.2802 V at 25 C) and use the Nernst equation (Eq.

(7.428) and assuming that H > is an ideal gas):
! !

HY : H*
E=E - RT In a = E 2:303 0 (,)25_69 v log a (7.464)
jvej F a(H2(9)) I F a(H2(9)
=1
!
a H* .
= E (0:0591 V)log ———— =E (0:0591 V)log a H

P (H2)=P
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Combining this with Eq. (7.463), we get:

E 0:2802V=(0:0591V) pH (7.465)
or in terms of pH:
E (0:2802V
oH = B ) (7.466)
0:0591 V

In practice, pH sensors do not use H, electrode but, instead,
a glass electrode is used:

Ag j AgCl j CI ,H" j glass membrane | solution :: calomel electrode

A schematic of this electrode arrangement is shown on the
left. The calomel electrode acts as a reference.

Glass fiby
salt bridgé

Thin glass
membrane




Chapter 8: Statistical thermodynamics

\Statistical thermodynamis provides the connection between mi  croscopic and
macroscopic views."
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8.1 Introduction to statistical thermodynamics

The statistical ensemble
I Theory developed by Maxwell, Boltzmann, Gibbs and Einsten between 1860
- 1905.

I O ers microscopic view to thermodynamics.

I Provides a natural connection between thermodynamics and quantum
mechanics. The latter has not yet been covered.

I Quantum mechanics provides a way to calculate energies of microsystems

(electronic, translational, vibrational, rotational), which a  re denoted by E;

below.
Terminology:
System = Macroscopic thermodynamic system.
Particles = Fundamental particles that compose the system.
Macrostate = Macroscopic parameters (e.g., V;P;T) specifying the system.
Microstate = Atom/molecular level speci cation of the system.

These would correspond to coordinates and velocities
of atoms/molecules, for example.

Note: For a given macrostate, many di erent microstates are possible. Usually on
macrostates are observable.
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Ensemble: A hypothetical collection of non-interacting systems, each of which is
in the same macrostate as the system of interest. Although the members of the
ensemble are macroscopically identical, they may not be in the same microstate .

Measurement: A measurement of any macroscopic property consists of a time av-
erage over the measurement interval. Hence it involves an inherent time av eraging
process.

Postulate:  The measured time average of any macroscopic property of the system
is equal to the average value of that property in the ensemble. Note th at this
replaces the need to use time averages in the calculations.

An ensemble of systems that all have constant macroscopic parameters T and V is
called canonical ensemble.

The internal energy of a macroscopic system is given as an ensemble average:

R
U= hE;i = pi Ei (8.467)
i=1

where hi denotes the ensemble average, E; is the energy of system i and p; is the
statistical weight for state i (i.e., probability of state i).
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We will show that the statistical weights  p; are given by the Boltzmann probability:
e Ei
z

where Z is the canonical partition function (do not confuse this with the co  mpress-
ibility factor which was also denoted by Z earlier), which is de ned as:

pi = (8.468)

z=" e Ei (8.469)

Assumption : For a thermodynamic system at xed V;fn;g; T, all microstates that
have equal energy have equal probability of occurring. This implies that p; = f (E;)
(i.e. the statistical weights depend only on the microstate energy). Not e that the
above Boltzmann probability is consistent with this postulate.

In the following, we will derive the Boltzmann probabilities and expressions for U; P
and S. We will also show that is a function of temperature only and has the form
= % where k is the Boltzmann constant.

Evaluation of p; (the Boltzmann probabilities):
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We need to determine the unknown function f in the above postulate. Consider
two subsystems, which are labeled 1 and 2, in an ensemble. All ensemble members
labeled 1 are macroscopically identical and all members of 2 are macroscopi cally
identical. However, 1 and 2 are not necessarily identical as they can dierin  volume
V and composition fnjg. For 1 and 2 we then have:

pii = f(Eq1;i)and pz; = 9(Ez;) (8.470)

where py; is the probability for system 1 to be in microstate i (energy E1;) and
p2;j for system 2 to be in microstate j (energy E»;). Note that f and g are
not necessarily the same functions. Systems 1 and 2 can also be considered as a
combined single system with overall xed volume, temperature and composit  ion:

P1+2 k = N(E142 k) (8.471)

where p1+2 : is the probability that system 1+2 is in microstate k. Since systems
1 and 2 are independent of each other, we have:

Egso % = E1j + E2y with k= (i;j) (8.472)

Furthermore since the systems 1 and 2 are independent, their overall prob ability is
given as a product:



h(E1+2 k) = h(E1;i + E2j) = f(E1;i)9(E2;j)
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(8.473)

With x Eji,y Ezj andz x+ y we can rewrite the above equation as:

h(z) = f (x)a(y)
Di erentiation of this equation gives:

@fiz) _ d(X)

@x , a(y)
By using the chain rule we get:
@ltz) _ dh(z) @z _ dh(z)
@x dz @x dz
Combining Egs. (8.475) and (8.476) gives:
dh(z) _ d(x)
- ax W
In similar way, di erentiation with respect to y gives:
dh(z) dg(y)
— 7 =f pALEA
dz ) dy

(8.474)

(8.475)

(8.476)

(8.477)

(8.478)
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By combining Egs. (8.477) and (8.478) we get:

ggog)) = ff O((:)) (constant) (8.479)

For f this gives the following di erential equation:

%)= f ) f(x)= Ce * (8.480)
) f(x)= Ce Eui

where C is a constant of integration and is a universal constant that is the same for
both systems 1 and 2. Note that  may depend on temperature. The normalization
constant C has to be chosen such that the sum over probabilities gives unity:

R 1 1
Ce F1i=1) C= =———— = (8.481)

i=1 e E 1 z

Thus the probabilities are given by:

= (8.482)

We will later derive the exact form for
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Evaluation of U and P:

U= pE =232 (8.483)
i=1
where Z = Z( (T);V;fn;g). Dierentiation of Z with respectto  gives:
7 R R
@z - @ e Bi= Eje Ei (8.484)
@ Vifnig @ Vifnigj=1 j=1

Now Eg. (8.483) can nally be written as:

1 z z
u= L @7 - @n2) (8.485)
Z @ vy nig @ Vifnig
Consider next the measurement of pressure P:
*
P = pi Pi (8.486)

i=1

where P; is the pressure in the ith member of the ensemble. If we have non-
interacting and adiabatic systems, we can write the internal energy di erential in
two ways (for each member of the ensemble):
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du = dWreV = Pi dv (8487)
du = v dV (total di erential)
) p- @

@V

where E; is the energy of ensemble member i. This gives an expression for the
measured pressure:

3
e £ @F (8.488)

P =
@V tnig

1
2
Partial di erentiation of  Z with respect to V gives:

X Eq
@z @ei (8.489)

@V minig  ix @v Tifnig
:)Q@eEi @_)@eEi @&

i=1 @& @V_ i=1 @ T;fnig
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Hence we can nally write P as:

p. 1 @z -1 @n) (8.490)
Z @V 1ing @V Tiinig
Evaluation of
First we di erentiate Eq. (8.485) with respectto  V:
euv _ @ @n@z) (8.491)
@V ¢ @v @ v ¢
(8:490)
_ @ an) W e,
@ @v 1y @ v
= P @P
@ v
Next we will recall Eq. (4.281):
@u @P 1 @P
= =T = P= = P 8.492
@V 1 @T v T @1=T) ( )

where we have used the chain rule:
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@P=@F [@P=@=T)][@L=T)=@T= [@P=@=T)]=T?

Now we can combine Egs. (8.491) and (8.492):
er _ 1 @p

= = 8.493
@ v T a=m , (68:499)
Denote Y Tl Then (@P=@, =Y (@P=@), and hence:
@P @ @ d
— = = — = — = — 8.494
Y @Y y @P @Y vy dy ( )
In the last step we have noted that = (T) only. The above di erential equation
can be integrated:
Y
d = dT ) In(Y)=In( )+ C (8.495)
=1 =T =
T .
Y = C =
) ) kT

where k is the Boltzmann constant.



Now we can write complete expressions for Egs. (8.485) and (8.490):

U = @n(2) - @n(z) dar
@ V:fnig @T V:fnig d
_ @nz) 1 g2 @)
@T V:fnjg k 2 @T Vifnjg
Z
P = kT an(z)
@V T;fnjg
The complete form for Eq. (8.482) is:
e Ei=(kT) e Ei=(kT)
e eEi=(kT)_ z

i=1
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(8.496)

(8.497)

(8.498)

Note that if the system contains degenerate (i.e., have the same energy) st ates, each

of them must be included in Eq. (8.498) separately.

Evaluation of entropy S:

Consider a reversible process where only PV -work occurs. The 1st and 2nd laws of

thermodynamics can be combined: dU = TdS PdV. This gives:



dS=T du+PT Ydv=d T U +T 2UdT+PT dv
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(8.499)

where we usedd(T 1U)= T 2UdT + T 1dU. Substitution of Egs. (8.496) and

(8.497) for U and P gives:

ds= T tuy+ k GNL) ar+ k GNZ) av
@T Vifnjg @V T;fnig
When fnjg are constant, the total di erential is:
din(zy= @N2) ar+  GNZ) dv
@T Vifnig @V T;fnig

This allows us to rewrite Eq. (8.500) as:
dS= d(T U)+ kd(In(Z))= d(T U+ kin(Z))
Integration of this equation gives:
S=T U+kin(z)+ C

It can be shown that C = 0 for most systems but we skip this lengthy
consideration here. Thus:

@n(z)

@T V;fnig
Note that other thermodynamic potentials such as G can be obtained by
G=U+PV TS

S= ¥+k|n(2)= KT +kIn(2)

(8.500)

(8.501)

(8.502)

(8.503)

(8.504)
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8.2 Canonical parition function for a monoatomic ideal
gas

Once system's partition function Z has been found, Egs. (8.496), (8.497) and
(8.498) can be used to calculate thermodynamic quantities. Exact calcul ation of
Z for real systems is dicult because atoms/molecules interact and may require
quantum mechanical caclculations (i.e., to solve the Schmedinger eq uation). In the
following, we will consider monoatomic ideal gas (distinguishabl e atoms), which
means that we need to only consider translational motion of atoms (no  vibration or
rotation) and that the total energy can be expressed as a sum of individu al atoms:
X
Ei = i (8.505)
j=1
where E; is the total energy for state i, N the number of atoms and j; is the

energy of atom j in state i. The canonical partition function Z can now be written
as:

Z= e Ei= e iu (8.506)
i=1 i=1
Since the atoms are distinguishable and i runs over all possible states, we can rewrite
Eq. (8.506) as:
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R
SRR

Z= % e (kri+z+m) (8.507)
k=1 1=1 m=1
R R
= e k e | e m
k=1 =1 m=1

Atomic partition functions are de ned as:
X
Zj e ‘andZ=2z1 zp :zn (8.508)
i=1
If the atoms are not all alike but there are N (do not confuse this with the
Avograro's number) atoms of species A, Ng atoms of species B, etc. then:

Z=(za)VA  (zg)VB (8.509)
X
where Zp = e AR
i=1
Remember that this holds only for distinguishable particles (e.g., | ocalized atoms

in a solid).
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It turns out that quantum mechanics excludes some classical states for ind istin-
guishable particles and hence a di erent form of Eq. (8.509) must be used . It can

be shown that at su ciently high temperatures, the canonical partition function for
indisinguishable particles is given by:
zN R
z= 7 andz e Ei (8.510)

i=1

where we have assumed that most molecules are in di erent microscopic states ( see

Physical Chemistry, Levine for more details). A mixture of species has th en:

5o @a)r (Ze)e
Na! Ng !

(8.511)

The above formula cannot be used, for example, at liquid helium temper atures
where the high temperature assumption does not hold.
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8.3 Internal energy of monoatomic ideal gas

For monoatomic gas, we need to only consider translational motion (n o rotation or
vibration). In order to use Eq. (8.496), which here statesthat U = kT2 (@% =@7Vy.¢ nig
we have to calculate the translational partition function ~ Zy . If the atoms are treated

as \particles in a box" (see quantum mechanics notes), Eq. (8.509) can b e written

as:

0 1y

%

N
@ e (h 2=8m)) (nZ=a®+n2=b?+nZ=c?)p

) nx=1lny=1n;=1

(8.512)
where h is the Planck's constant (6.626076 10 34 Js), m is the atom mass, ny,
ny and nz are quantum numbers, and a; b; ¢ de ne the volume where the atoms are
con ned (\the box"). When the quantitized levels are close to each other, we can

replace the above summations by integrals, for example:

* 2 2z 2 2_ n2 1 8m =2
g (N7=@m) % e (N7Z@M) Zrgn, = = 0 a  (8.513)
o . 2 h

Since = X and V = abc we can rewrite Eq. (8.512) as:



zr = 2mkT=h 2 32y
3 2 3
In(zy ) = EIn 2mk=h < + EIn(T)+In( V)
For N molecules we have:
2N
IN(Zy ) =In ﬁ = NIn(zy ) In(NY)

Now we can use Eq. (8.496) to evaluate U:
@n(z) 3NT 2 T1= gkNT = 3oRT

@T  ying 2 2

This corresponds to Eq. (2.117) given earlier.

U=kT2
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(8.514)

(8.515)

(8.516)



Chapter 9: Kinetics

\Thermodynamics can tell us if a given process happens or not but it does not tell
us how fast."
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9.1 Empirical chemical kinetics

Empirical chemical kinetics concentrates on modeling the rates of chemica | reac-
tions. The key observables are concentrations of the species participatin g the reac-
tion as a function of time. A kinetic measurement consists of mixing the r  eagents
(i.e., initiation of the reaction) followed by monitoring of the concentrations as a
function of time. Both steps introduce restrictions on the time resoluti  on of the
experiment.

Examples of mixing processes:

I Use traditional syringes to mix solutions. A cheap and easy way butiti s not
suitable for fast reactions (seconds timescale).

I Use fast motorized syringes to quickly mix solutions (\ ow and stopped - ow
techniques"). Requires more expensive instrumentation but allows for  better
time resolution. In the ow method a moving detection zone determines th e
measurement time whereas in the stopped- ow the stopping syringe is usedt o
control the liquid ow rate (timescale depends strongly on instrument  ation).

I For gaseous samples motorized valves can be used to mix gases in relatively
fast time scale ( s timescale).

I In photochemical reactions (\ ash photolysis"), short laser pulses can be  used
to initiate the reaction (fs - ms timescale; most commonly in ns - s regime).
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Measurement of concentrations:

UV/VIS absorption spectroscopy (lower bound timescale in femtoseconds).
The Lambert-Beer law relates absorbance to concentration.

Fluorescence spectroscopy (lower bound timescale dictated by the radiative
lifetime; ns - s). Other spectroscopic techniques such as IR and Raman may
also be used. It may be di cult to obtain absolute concentrations with these
methods.

Nuclear Magnetic Resonance (NMR) and Electron Spin Resonance (ESR;

EPR) (lower bound timescale in the ns range; often in seconds). To obtain

absolute concentrations, standard samples must be used. ESR is used for
systems involving radical species.

Mass spectrometry, gas chromatography, liquid chromatography a nd related
methods (time resolution dictated by instrumental response).

Monitoring total pressure or density of gas (typically in millisecond - second
timescale). Note that this method works only if the number of moles of  the
gaseous components change in the reaction. If the chemical equation is known,
this can be used to obtain the extent of chemical reaction ().

If the concentration measurement is too slow for the kinetic timescale, one  can use
the quenching method to stop the reaction. This can be achieved, for example, by
rapid cooling, dilution, or acid-base neutralization. Once the rea ction is stopped,
even a slow method for determining the concentrations can be applied.
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9.2 The rates of chemical reactions

Rate of chemical reaction tells us how fast the given reaction occurs. The co nsump-
tion of each reactant and product are dictated by this rate. The rate o f chemical
reaction r is always positive and is de ned by:

_ 1 dfil(t)
T (9.517)

where v; is the stoichiometric coe cient for i and [i](t) denotes the concentration of
i at a given time. Note that the stoichiometric coe cients are negative i  fi is on the
left hand side of the chemical equation. The rate of consumption or pr  oduction of i
is denoted by r; and directly given by its time derivative. Note, however, that this

rate must also be positive and thus may require changing the sign of the derivative.

Example. Consider a reaction of the form A+2B ! 3C+ D. What is the rate of
chemical reaction and what are the rates of the individual compound s?

Solution.  The rate of chemical reaction is given by Eg. (9.517):

d[A] _ 1d[B]

.. db] _ 1d[C] _

dt 3 dt dt 2 dt
_ dIAl_ dB]_dic] _ dD]
AT g BT Tat T Tat P T T

The Sl unit for rate ismol L 1s 1.
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Example. The rate of change in molar concentration of CH 3 radicals in the reaction
2CH3(g) ! CH3CH3(g) is reported as d[CH3]=dt= 1:2molL !s 1. What are
the rate of reaction and the rate of formation of CH 3CH3?

Solution.  The rate of reaction is given by Eq. (9.517):

1 d[CH 1
- LdiCHsl 1 12molL s '=0:60molL 1s?
2 dt 2

From stoichiometry of the reaction we can write:

d[CH3CH3] _ Ed[CH;:,]
dt T2 dt

FCHaCH3 = =0:60molL 1s?

It is often found that the rate of reaction is proportional to the concentrations of
the reactants raised to a power. For example, for two reactants A and B, the rate
law might be:

r = k[A][B] (9.518)

where the proportionality constant k is called the rate constant for the reaction.

Note that the rate constant is independent of the concentrations but m  ay depend,
for example, on temperature. For A and B reacting, Eq. (9.518) is called the rate
law of the reaction. The general form of rate law is r = f ([A];[B];:::) where f is a
general function.
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It should be emphasized that the rate law of a given reaction can not usually be
inferred from the chemical equation for the reaction . Most chemical equations
refer to a situation where multiple reactions occur to give the indicat ed outcome.
Chemical equations where only one reaction occurs are called elementary reactions .
It will turn out that the rate law and the chemical equation can onl y be directly
related for elementary reactions. For this reason the rate law should alw ays be

obtained experimentally.

Example. Chemical reactions even with simple stoichiometry can result in very
complicated rate law. For example, H 2(g) +Br 2(g) ! 2HBr( g) gives the following
experimental rate law:

_ k[H2][Bro]*™?
"~ [Bra] + KO[HBI]

This is very di erent result that one would expect based on the chemical equa tion.
Based on this we can conclude that this reaction is not elementary.

Once the rate law is known, we can use it to predict the rate of reaction at any
point in time. As we will see later, it can also be used to predict the concentr  ations
of each components at any point in time. The rate law can also give us i mportant
clues about the reaction mechanism itself as the two must be consistent. Thi s would
be especially useful for elementary reactions.



358

Many reactions are found to have rate laws of the form:
r=k[AP[BP:: (9.519)

where the powers (a and b) de ne the order of the reaction with respect to each
species. The overall order of reaction is given by the sum of the individual orders,
a+ b+ ::. The reaction order does not have to be an integer and for many gas
phase reactions they are not. Another special case is when the reaction order is
zero (e.g., a = 0). This corresponds to zeroth order reaction , which means that the
rate of reaction does not depend on the concentration of that particula r component
(e.g., [A]? = [A]0 =1). The zeroth order behavior usually means that there is some
other mechanism restricting the reaction rather than concentration. Thi s could be,
for example, catalyst surface area. Only heterogeneous reactions can have o verall
reaction order of zero. When the reaction is not of the form given by Eq. (  9.519),
the reaction orders are not de ned and there the overall reaction orderi s not de ned
either. An example of this situation was given on the previous slide.

Example.  Consider two reactions with the following rate laws: r = k[A]**2[B]
and r = k[A]o = k. What are the reactions orders with respect to A and B, and
what are the overall reaction orders?

Solution.  The rst reaction has reaction order of 1 =2 with respectto A and 1 with
respect to B. The overall reaction order is then 1 =2 +1 = 3 =2. For the second
reaction the reaction order for A is zero and the overall reaction order is zero as
well.
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Determination of the rate law:

1.

Isolation method . When the concentrations of all the reactants except one are
in large excess, it is possible to determine the rate law with respect to this
component. For example, considering reaction A + B where B is in excess,
the concentration of B stays approximately constant throughout the reaction.

In this case, the rate law can be written:

r= K[A]R[B]  KO[A]? (9.520)

where k0= k [B]b is approximately constant. By looking at the concentration
of A as a function of time, it is now possible to determine a. When a=1
above, the reaction is called pseudo rst-order reaction

Method of initial rates . The rate is measured at the beginning of the reaction
for several dierent initial concentrations of reactants. This is often u  sed
together with the isolation method as follows. Suppose that the rat e law with
A isolated is r = k[A]®. The initial rate g is then given by ro = k[A]§. This
can be written as:

log (ro) =log( k) + alog [A], (9.521)
This shows that a plot of log ( ro) against log [A], should give a straight line
with slope a.

If the reaction order a is an integer, the reaction order can be often determined
just by comparing the observed behavior with the integrated rate laws.



Example. The initial rate of reaction depends on concentration of a substance
as follows (A! P):

[Al, (10 SmolL ') 50 82 17 30
ro(10 "molL s 1) 36 96 41 130

What is the order of reaction with respect to A and what is the rate constant?
Solution.  Log-log plot of the data is shown below.

360

A

The slope is 1:99 2 (2nd order) and log( k) = 1:8646) k 1:4 10 2 (units?).
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9.3 Integrated rate laws

By combining Egs. (9.517) and (9.519), we can write for component i:

dfi] _ aRb ...
o = Vik[AR B (9.522)

This is a dierential equation for the unknown functions [ i](t). Most common
solutions are considered below.

First-order reactions . For a reaction A ! products, we have va = 1 and
for rst-order reaction a=1. Eq. (9.522) can now be written:
d[A
c[Jt] = Kk[A]* = KI[A] (9.523)
The solution to the above di erential equation is an exponential fu  nction:
[Al=[A]l e “ (9.524)

This is called the integrated form of the rate law. The unit for k in this
equation is s 1. The half-life t;—, (i.e., the time when half of the initial
concentration is left) for a rst-order reaction is given by:

% _ %: e Kiz) 1, = '”f) (9.525)
0

The numerical value for In(2) 0:693.
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Second-order reactions . The second-order rate law is obtained from Eq.
(9.522) when a = 2:

% = Kk[APR = K[AP (9.526)
The solution to this di erential equation is (verify by di erentiat ion):
1 1 [Aly
— —— =ktor [A]l= —————— (9.527)
[Al  [A] 1+ kt[A]y

The unit for the rate constant k in thiscaseisM 1s 1 (orLmol 1s 1)
The half-life in this case is given by:
1

t1:2 = m (9528)

which can be derived the same way as we did for the 1st order reaction.
Another type of second-order reaction is:

dlA] _

T

where a = b= 1 and their sum gives two as is required for an over all second-
order reaction. The solution to this di erential equation is given by
[B]1=[B]o
n ——= = [B], [A]l, kt (9.530)
[A1=[A], o

k[A][B] (9.529)
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Note: When [A] =[B], Egs. (9.527) and (9.530) become idential as they describe
the same rate law.

Example. Solve the di erential equation given in Eq. (9.523).
Solution. We proceed rst by rearranging the equation:

diAl _

kdt
[A]
then we can integrate both sides:
w1 Zt
A
diA] = k dt
[A]
[Alo 0
which gives after integration:
In ﬂ = kt
[Alo

This can be rearranged to correspond to Eq. (9.523):

[Al=[Alje ¥
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Example. Consider the following reaction:
CH3N2CH3(g) ! CH3CH3z(g) +N 2(9)
At 600 K the partial pressures of CH 3N2CH3 were found as follows:

t (s) 0 1000 2000 3000 4000
P (10 2Torr) 820 572 399 278 194

Show that this reaction is 1st order in CH 3N>CH3 and nd the rate constant at

600 K.
Solution.  First we remember Eq. (1.11), which gives the relationship between the

partial pressure of an ideal gas with its mole fraction:

n
P = F'P: yiP

where n; is the number of moles of component i and n is the total number of moles
present. Partial pressure P; is proportional to the concentration of i:

n; PV n; nj nj
PP= —P= — — = — /] — =
T n v i) v o

constant

where ¢; is the concentration of species i and the gas mixture was assumed to follow
the ideal gas law.
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Note that in the 1st order integrated rate law the above proportio  nality constant
drops out and therefore Eq. (9.524) can now be written:

Pi = Pioe X

Here P; is the partial pressure of CH 3N2CH3. Taking natural logarithms of this
equation gives:

Pj

In —
Pi; 0

= kt

Thus plotting In( Pij=Pj. o) as a function of t should give a straight line.

This plot is clearly linear indicating

that the 1st order integrated rate law

applies and the reaction is 1st or-
der with respect to azomethane. The
rate constant can be extracted directly
from the slope as k = slope = 3:6

10 4s 1.
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Example. When gaseous ammonia decomposes on the surface of hot metal catalyst

(2NH 3 ! N3 +3H »), the half-life of of NH 3(g) was observed to depend on its initial
pressure as follows:

Po (Tor) 65 105 150 185
tiop () 290 460 670 820

What is the reaction rate and what is the value of rate constant?

Solution.  First we observe that the half-life depends on the initial concentrat ion
and based on Eq. (9.525) this cannot be a rst-order reaction. For a secon d-order
reaction the half-life should depend inversely on the initial concentra tion (see Eq.
(9.528)) but here we observe exactly the opposite trend and this canno t therefore
be a second-order reaction either. If we write the rate law in the form ( zeroth-order
reaction ):

A
dial_ AP = k (9.531)
dt
The integrate rate law now becomes:
[A] [Al,= kt (9.532)

Inserting [ A] = [ A], =2 above, gives the half-life as:

Bl L= AL

t
1=2 K 2k

(9.533)



367

Since this is a gas phase reaction, we replace the concentration by part ial pressure
(as we did in the previous example). Note that in this example the p  roportionality
constant does not cancel out and we will get the rate constant in pressure un its.
We expect the half-life to depend on the initial pressure of NH 3(g) as follows:

Pi =2 ktl=2

Therefore a plot of the partial pressure as a function of t;-, should give a straight
line with the slope 2 k.

The data yields a straight line and con rms
that this reaction is zeroth-order. The rate
constant (in pressure units) can be extracted
from the slope: k =slope=2=0:112 Torr s 1.
Note that linear regression analysis can also
yield error estimates. Here the standard er-
ror estimate for the slope is  0:003, which
gives 0:0015 Torr s ! error for the rate con-
stant. Thus we would report the nal result
as: k =0:112 0:002 Torr s 1. Another im-
portant indicator is the correlation coe cient
(r2), which for this case was 0.9998 indicating
a very good quality t. Strong deviations from
1.0 would indicate a bad quality t.
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Example. Liquid phase reaction CH 3CH2NO, +OH ! H>0+CH 3CHNO, is
second-order overall and the rate constant at 273 Kis k =0:652M s 1. The
initial concentration for nitroethane is 4.00 mM and 5.00 mM for O H . How long
does the reaction have to proceed in order to consume 90% of the initial n itroethane
concentration?

Solution.  Let us denote nitroethane by A and OH by B. First we solve Eq.
(9.530) for t:

1 [B1=[BJo
k [Bly [Alp [AT=[A]o

t=

The current concentrations are [ A] = [A], x and [B] =[B], x based on the
stoichimetry of the chemical equation. 90% consumption of A (nitromethane) cor-
responds to 10% being left: [A], x =[A], = 0:10. Solving for x gives x =
0:90 [A],=3:60 mM. Then [A]=[A], x=0:40mMand[B]=[B], x=1:40
mM. Inserting these values into the expression for t we get:

1
T 0652M 1s 1(5:00 10 3M 4:00 10 3 M)

1:40 10 3 M=5:00 10 3 M
0:40 10 3 M=4:.00 10 3 M

=1580 s



Summary of the rate laws:
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Order  Reaction Rate law t1=p
0 Al P r=k Ly
[Al=[A], kKt
1 Al P r=k[A] na
[Al=[Alye «
= 1
2 Al P r= k[A][A] T
Al= [OA]0
A+B! P r=k[A][B]
B1=[B
N REae = Bl [Al kt
3 A+2B1 P r=[A][B]
n [BIAlg
Kt = [AIIB g + [B] [Blg
(Blo 2Alo)” ~ (Blo 2IAlo)[BIBI,
| - n 2" g
n 2 A! P r = k[A] TR
- 1 1 1
kt = nI Ap T (AT 1
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9.4 Reactions approaching equilibrium

Previously we have assumed that the foward reaction is dominating an d therefore
we have ignored the possiblity for the reaction go from right to left . When the
reaction approaches equilibrium, we have to consider both forward a nd backward
reactions.

1. First-order reactions. Consider equilibrium A B where reactions A! B and
A B occur simultaneously at appreciable rate. The rate constant for the for  ward
reaction is denoted by k:+ and backward reaction by k . Both reactions are taken
to be rst order. For example, A and B could correspond to two di erent isomers

of a molecule. The forward rate r+ = k+ [A] and backward rate r = k [B]. The
rate law in terms of A can then be written as:

d[A

% = ke« [A]+ k [B] (9.534)

where the rst term on the right hand side is responsible for the disapp earance of
A and the second term for producing more A. Given the initial concentration of A
as [A],, the following balance has to hold at all times: [ A]+[B] =[A],. Then we
can write Eq. (9.534) as:
dlA] _
dt

The solution to this di erential equation is (veri cation by di eren tiation):

ke [A]+ k [Aly [A] = (ks + k )[A]+ k [A], (9.535)
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k +kse (k+ +k )l
[A]= K [Al, (9.536)

Equlibrium condition is reached after we wait long enough for the sy stem to settle
down (\steady-state"). Thus we take the limit of t!1 above and obtain an
expression for the equilibrium concentration of A:

[A]eq= X [A]O

— 9.537
ke + k ( )

Since the concentrations of A and B are related to each other, we can get the

equilibrium concentration of B:
k k+ [A]
Bleg =[Aly [Aleg =[Alp 1 = — 0

ke + k _k++k

(9.538)

If we approximate activities by concentrations, the equilibrium con  stant can be
written for this reaction as (see Eq. (5.301)):

B
- Bl (9.539)
[A]eq
Inserting the equilibrium concentrations from Eq. (9.538) into Eq . (9.539), we get:
K+

K= — 9.540
: (9.540)
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This is consistent with the statement saying that the forward and back  ward rates
must be equal (k+ [A]eq =k [B]eq) at equilibrium. If the equilibrium constant K
and one of the rates are known then the remaining rate constant can be calculated.
For a general reaction, the equilibrium constant can be expressed as:
ka; + kb;+

Ka; Kp;

K =

(9.541)

We have now established an important link between the rates of re action and ther-
modynamic equilibrium.

Example.  1,2-dimethylcyclopropane cis trans isomerization follows rst-order
kinetics. At 726 K the trans isomer was observed to form according to:

t (s) 0 90 225 270 360 495 585 675 1
% trans 0 189 377 418 493 565 601 627 700

Calculate the equilibrium constant K and the rate constants k. (foward) and k
(backward).

Solution.  We can directly t the data to Eq. (9.536). Since the two variables
appear there separately, it is possible to determine them separately from t his data.
Once we get k+ and k , we can use Eq. (9.540) to calculate K.

[A]_k +k+e(k++k )t
[Aly ke + K
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The data was not given in concentration units but percentages of B. Concentrations
are proportional to % and the proportionality constant cancels ou t for rst-order

reactions. The concentration of A is proportional to 100% % of trans . Fitting the
given data to Eqg. (9.536) is not a trivial matter. The equation is non-linear, which
requires the non-linear least squares procedure. The result is shown below.

We identify k. =2:40 10 3s Yand k =1:08 10 3 s !. This gives K =
240 10 3=1:08 10 3 s 1 =2:22. Non-linear least squares analysis is included
in software packages like gtiplot, which is available from:
http://soft.proindependent.com/qtiplot.html
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2. Relaxation kinetics. The term relaxation here denotes the return of a system to
equilibrium after some given perturbation. This way we can study the relaxation
kinetics near the equilibrium. An example of suitable perturbation could be a
temperature jump that alters the equilibrium constant and hence the sy  stem will
try reach the new equilibrium condition. It is possible to reach temper ature jumps
of 5-10 K in s timescale. Other examples of perturbation are laser and microwave
elds. Based on the van't Ho equation (Eq. (5.323)), the equilibriu m constant K
depends on temperature provided that rH is non-zero, which we assume in the
following.

Consider equilibrium A B, which is a rst-order reaction. If the temperature
changes, the equilibrium constant K = K (T) changed as well. Based on Eq. (9.541),
the rate constants also depend on temperature ki = ki (T) and/or k = k (T).
The response of the system will be exponential as shown below.
Cosider rst the equilibrium condition:
d[Ale
dt

Since we are at equilibrium AMAleq - 0 and the forward and backward rates are
equal: k+ [Algq = k [Blgq. Next the system is perturbed in such a way that the
reaction will try to reach new equilbrium concentrations given by [ A] = [A]eq +
and [B] = [B]eq . The former equation also de nes the dierential d[A]= d.
Now the system starts evolving according to:

= ke [Alg * k [Bleg (9.542)
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d[A] _
dt
where the rate constants k+ and k now refer to the new values after perturbation.
This equation can be written in terms of as:

d
G Kk [Algt  tk (Bl (9.544)

Since the forward and backward rates are equal, this simpli es to:

ke [A]+ k [B] (9.543)

d

— = k+ + k 9.545

TR AR (5:549)
1=, const. ;> 0

) = oe ¥

where ¢ is the change in concentration right after the temperature jump. Fr  om
the exponential relaxation, we can obtain the sum of the new rate const ants. When

this is combined with the equilibrium condition, K = t—* it is possible to obtain
both rate constants individually.
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9.5 The temperature dependence of reaction rates

The rate constants for most chemical reactions increase as temperature is increased.
At low temperatures it is possible that some reactions, which are based on the
quantum mechanical tunneling, have rates that do not depend on temper ature.

The relationship between rate constants, temperature, and the activatio n energies
is often found to follow the Arrhenius law (Svante Arrhenius, Swedish chemist, 1859

{ 1927):

k= Ae Ea=(RT) (9.546)

where K is the rate constant, A is the pre-exponential factor or the frequency factor ,

Ea is the activation energy for the reaction, R is the gas constant, and T is the
temperature. An alternative form for this equation is:
Ea

In(k) =In( A — 9.547

(k)=In(A) == (9.547)

The parameter Ea can be obtained from the slope when plotting In( k) as a function

of 1=T and A from the intercept. These parameters are called Arrhenius parameters .

Eqg. (9.547) can be also written at two di erent temperatures as:

n ki = Ea 1 1
ko R T1 T2

where the indices ki and kp refer to rate constants at Ty and Tp, respectively.

(9.548)
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Derivation of the Arrhenius law. Consider reaction A ! B, which proceeds through
atransition state denoted by A . Transition state is a molecular con guration along
the reaction path where the energy has the maximum value. The reaction can then
be written as:

ATA B (9.549)

The equilibrium constant for the rst part of the reaction can be writ ten as:
K+ [A]
K=_—=>—"= 9.550
k Al ( )
It is plausible to assume that [ A ] << [A] since the intermediate A should be
transient in nature. The concentration of the product B follows the rst-order
kinetics:
d[B]
dt

= k[A 1= i [Al= kO[A] (9.551)
kO

where we used Eq. (9.550) in the last step and we introduced rate constant kO for
the formation of B from A. Note that the rate constant k© applies for the whole
reaction A'! B. Next we apply the van't Ho equation (Eq. (5.323)):
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@ain(K) _ H Ea
@T  RT2 RT 2 (9-552)

where K is the equilibrium constant between the initial and the transition st  ates
and (H is the reaction enthalpy between these states. In the last step we have

approximated  H Ea. Since K = k%k, Eq. (9.552) becomes:
@in(k%)  @in(k)) _ Ea (9.553)
@T @T  RT?

Arrhenius assumed that the formation of the product B from the transition state
is independent of temperature and hence the second term on the left is zero:

@in(k9 _ E

T et RTaz (9-854)
Solution to this di erential equation is given by:

k0= Ae Ea=(RT) (9.555)

where the frequency factor A arises from integration of Eq. (9.554).

Caution should be excercised when interpreting Ea and A. The assumptions made
in the derivation may not be always valid causing the model to fail . Ea is the
minimum kinetic energy that reactants must have in order to form prod  ucts. Not all
encounters of the reactants lead to the formation of products. The pre- exponential
factor is often related to the frequency of such collisions with the expon ential part
giving the success rate.
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Example.  Rasemization of pinene is a rst-order reaction. The following rate
constants were determined in the gas phase: kss7.7xk = 3:7 10 7 s 1 and
ksio:1k = 5:1 10 3s 1. Use the Arrhenius law to obtain Ea and calculate

the rate constant kago K -
Solution.  We use Eq. (9.548) at the two given temperatures:

51 10 5s 1 Ea 1 1
37 107s1 8315JK Imol 1 5101 K 4576 K

Solving for E, gives Eq =182 kJ mol 1. The same equation can be used to obtain
the rate constant at 480 K:

51 10 5s ! 182 kJ mol 1 1 1
Kago k 8315JK mol ! 5101K 480K

In

Solving for ksgo k gives 35 10 6s 1,

Note: When the Arrhenius equation fails, it is often observed that the follo  wing
modi ed equation works well in practice (  n is an empirical constant):

k= A%T"e Ea=(RT)
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9.6 Elementary reactions

Most chemical reactions occur in a sequence of steps called elementary reactions .
An example of an elementary reaction is:

H+Br ! HBr+Br

The molecularity of an elementary reaction is the number of molecules coming
together to react in an elementary reaction. An elementary reaction is said to
be unimolecular reaction if a single molecule reacts by itself (e.g., isomerization,
decomposition). In a bimolecular reaction , a pair of molecules collide and exchange
energy, atoms, or groups of atoms. Note: reaction order and molecularity are
not necessarily the same! Reaction order is an empirical quantity whereas the
molecularity is de ned by the chemical equation of an elementary reaction

Unimolecular elementary reaction. The rate law is rst-order in the reactant:
d[A] _
dt

Al P K[A] (9.556)

where P denotes products.
Bimolecular elementary reaction. The rate law is second order over all:
diA] _
ks

Trimolecular elementary reaction. These reactions would follow third order kinetics.
However, they are very rare as three molecules must to collide at the same t ime.

A+B! P k[A][B] (9.557)
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9.7 Consecutive elementary reactions

A reaction mechanism consists of a certain number of elementary steps. This can be
a series of rst and second order reactions, which occur sequentially or in para llel.
The simplest consequtive elementary reaction can be written as:

aftifzp

Next we derive the expressions for [ A], [I], and [P]. The rate of unimolecular
decomposition of A into | is:

diAl _

ki [A 9.558
pm 1[A] ( )
The intermediate | formed from A according to:
W wm en (9.559)
and the product P:
d[P]
—— = kol 9.560
pm 2[1] ( )

Eqg. (9.558) is just a rst-order decay:
[A]=[Alye kit (9.561)
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When the above result is substituted into Eq. (9.559) and we solve the resulting
di erential equation, we get ([ 1],):
k
]= —=— e kit ¢ k2t [A] (9.562)
ko ki
Since we must have at all times [ A]+[1]+[P]=[A],, we can solve for the concen-
tration of P:

kie kot koe kit
[P]= 1+ % (Al (9.563)

r The concentrations of A, 1, and P are
E [ plotted on the left with k3 =2k, =1

] [ and [A], = 1. A experiences an expo-
nential decay, | starts building up and
1/ b then decreases as it nally starts pro-

£ ducing P.
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If one of the consequtive steps is much slower than the other(s), it is sai d to be
the rate determining step . For example, when ky >> k 1 all | that is formed will
rapidly convert into  P. This can be seen by rst noting that now: e k2t <<e kat
and ko ki kz. Eg. (9.563) then reduces to:

Pl 1 e Xt [A], (9.564)

This shows that the formation rate of P depends only on the smaller of the rate
constants (ki above). In general the elementary reaction with the smallest rate
constant in a given reaction scheme is the rate determining step.

Steady-state approximation. If we assume that the intermediate concentration is
independent of time, we set its time derivative to zero:
dfr]

— 0 9.565

p ( )
This is called the steady-state approximation . If the original di erential equation(s)
are dicult to solve, one can use this approximation to simplify the calculation.

When this is applied to [ 1] in Egs. (9.561), (9.562), and (9.563), we obtain:
11 Al (9.566)
ko



384

Substitution into Eq. (9.560) gives then:
o en wm (9.567)

This shows that P in this case would be formed through the rst-order decay of A
with rate constant ki (corresponding to the rate determining step). Integration of
this equation gives directly:

Pl= 1 e Xt [A], (9.568)
Example. Consider the following reaction:

CH2(CN), +Br,! BrCH(CN) ,+H* +Br

The reaction mechanism has been determined as follows:

2 3. = —
CH2(CN), ~ CH(CN) ,

N [ z_sﬁ‘_
CH(CN) , +Br 2! BICH(CN) , +
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Write down the kinetic di erential equations for SH, S , and SBr. Apply the
steady-state approximation for S and use this result to eliminate S  from the
kinetic expressions for SH and SBr.

Solution.  The reactions that appear in the reaction mechanism must be elementary
reactions. Therefore we can write the kinetic di erential equations as:

aBH L sHv ks MY
dt
ds
G S keISH ks HT ks [Bro
d[SBr]
=k S B
pm [Br2]

The steady-state approximation for S can be obtained by setting d S =dt=0.
The second equation above then gives:

ks [SH]

S = —_—
k H' + k[Brz]
This can be used to eliminate S  from the other kinetic equations:

d[SH] _ d[SBr] _  k«Kk[SH][Br2]
dt ~  dt  k HY +K[Bry]
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Pre-equilibrium conditions. If one of the consequtive steps involve both forward and
backward reactions, we have to account for this in the kinetic di eren  tial equations.
Consider the following reaction:

Note that it is possible to establish equilibrium in this reaction onl yif k >>k .
If this is the case then we can write an approximate equilibrium cond ition between
A+ B and | as:
| k
= U ik = & (9.569)
[Al[B] k

The formation rate of P can now be written:
d[P
% = k[lI]= kK [A][B] (9.570)
Thus this is e ectively a second-order rate law with an e ective rate consta  nt:
d[P] k+ k
dt

= kO[A][B] with kO= kK = (9.571)
Note: The above calculation can also be carried out without the assumption k >>
k by using the steady-state approximation for the intermediate. In th  is case the
e ective rate constant can be obtained as:
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k+ k
k0= 9.572
k +k ( )
The corresponding steady-state concentration for | is given by
ks [A][B]
| —_ 9.573
M S (9573)

This type of reactions are found, for example, in enzyme catalysis (th e Michaelis-
Menten mechanism).

Excercise. Derive Egs. (9.572) and (9.573) by using the steady-state approxim a-
tion for |.

Notes:

I There are may topics in chemical kinetics that are not covered by the abo ve
discussion. These include complex reactions such as chain reactions
(including polymerization), explosions, photochemical reactions, cat alytic
reactions, and oscillating reactions.

I A given reaction mechanism may contain many reactions that are
consequtive/parallel etc. and it often becomes impossible to nd analytica |
solutions to the corresponding di erential equations.

I A comprehensive kinetics database has been compiled by NIST and is
available online at: http://kinetics.nist.gov/kinetics/ .



